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Preface

This book is written for all those who own a Commodore 64 and would
like to know that little bit more about some mathematical techniques.
You probably know what program you want to write but maybe you are
not quite sure of the mathematics needed. Is it COS, ABS, or SGN that
you need?

All the mathematical functions that you find on the Commodore 64
are described and their use is illustrated in short programs. You can ‘lift’
these programs and utilize them within your own programs.

But this book is not just an introduction to these basic mathematical
functions. It contains background information and programs on such
diverse subjects as codes and cryptography, random numbers,
sequences, trigonometry, prime numbers, and statistical data analysis.
You can utilize this information in both serious and games
programming.

Many thanks to Ann, Kora and Inga for bearing with me during the
writing of this book.

Czes Kosniowski
Newcastle upon Tyne, September 1983
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Program notes

The Commodore 64 uses ‘control characters’ to control features such as
cursor movement and colour printing. These control characters usually
appear as inverse characters. For instance a reverse heart within quotes
would clear the screen and move the cursor to its home position. To
avoid difficulties in program listings control characters have not been
used. Instead, their CHRS equivalents have been used. A list of the more
commonly used ones is provided below. Others may be found in
Appendix F of the Commodore 64 User Manual.

CHRS(5) White
CHR$(17)  Cursor down
CHR$(28) Red
CHRS$(30) Green
CHR$(31) Blue
CHR$(147) Clear screen and cursor home
CHRS$(145) Cursor up
CHR$(154) Light Blue
CHRS$(157) Cursor left
CHR$(158) Yellow
CHR$(159) Cyan

When typing out the programs you may prefer to use control char-
acters instead of the CHRS statements.

Note. The symbol " should be entered as { on the Commodore 64.



CHAPTER 1
Simple Functions?

Displaying numbers neatly

A whole number or a number without any decimal part is called an
integer. Displaying integers neatly on your screen may be achieved by
using the following lines in a program.

L = LEN(STR$(X))
PRINT TAB(25-L) X

The function STR$(X) converts the number X into a string, LEN calcu-
lates its length and TAB moves the cursor to the appropriate position on
the screen.

9

123

- 10
89

For non-integral numbers the display goes astray.

89

1.2
-13.89
126

The numbers are right-justified; but it would be nice to have the decimal
points vertically aligned. This may be achieved by using the functions
INT(X) and ABS(X).

The function INT(X) returns the integral part of X, that is, the largest
integer which is less than or equal to X. For example

INT(1.21) = 1
INT(2) = 2
INTQ.1) = 2
INT(-2) = -2
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INT(-2.1) = -3
INTO.1) = 9
INT(-9.2) = -10

The function ABS(X) returns the absolute value of X, that is, the
number ignoring the + or — sign. For instance

ABS(9.1) = 9.1
ABS(-9.1) = 9.1

The following program displays numbers neatly on your screen.

Y = INT(ABS(X)) : L = LEN(STRS$(Y))
IFY = 0AND X <> OTHENL = L-1
PRINT TAB(25-L) X

For example, a typical display is shown below

3
.23
-89.14
6712399.1
2.23871
-1.22
-.13

In the first line of the program ABS takes care of negative numbers
while INT takes care of non-integral numbers. Note that the INT func-
tion alone does not achieve this (for example look at the number —9.1).
The second line takes care of numbers in the range greater than — 1 and
less than 1.

The program above illustrates one simple use of the functions INT and
ABS. It works except for numbers which are close to 0 (absolute value
less than or equal to 0.01) or which are very large (absolute value greater
or equal to 1000000000). In fact whenever the scientific notation E
appears the display goes slightly astray.

3
—-89.14
1E-04
9.9E+16

You might like to add two lines to our program to take care of
numbers involving scientific notation E.

10



- Chapter 1 Simple Functions

Rounding off numbers

The INTegral function is useful for ‘rounding off’ numbers. For instance
if you had £565.58 in a bank account and received 9% interest per annum
then the amount you expect to have after one year is

565.58 + 565.58*9/100

Using your Commodore 64 you can check that this has a value of
616.4822. But, of course, the bank would ‘round’ this down to £616.48.
Similarly an amount such as 76.6752 would be rounded up to £76.68.
Your Commodore 64 can do this rounding off with the following line.

X = INT(X*100 + 0.5)/100

Here X is first multiplied by 100 to convert to pence. Then 0.5 is added
which causes a rounding up if the fraction of pence is greater or equal to
one-half. The INT function ignores any decimal parts and finally divid-
ing by 100 converts the number back to pounds.

In general, the program line

B = INT(A*10{D +0.5)/10{D
gives the value of A rounded off to D decimal places.

Bank balances

The program given earlier on in this chapter for displaying numbers
neatly on the screen could be used, for example, in a bank balance pro-
gram. Using it (whenever a number is displayed) you may end up with a
display such as below.

DETAILS PAYMENTS  RECEIPTS BALANCE

B/F 596.61
869162 46.22 550.39
869164 169 381.39
869165 15.01 366.38
CHQS 75.7 442.08

Observe that when the amount includes zero pence or a multiple of ten
pence then the zero is not shown. To force this to happen we need to
convert our numbers into STRings and add the necessary number of
zeros. The following program lines illustrate how this may be achieved.

X$ = STR$(X) : L = LEN(STR$(X*100)) : M = LEN(X$)
IFM = L THEN X$ = X$ + “0”

IFM = L—2 THEN X$ = X$ + “.00”
PRINT TAB(25—-L) X$

11
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Notice that we do not need to use the INT and ABS functions. The bank
statement display given earlier on would now appear as follows.

DETAILS PAYMENTS  RECEIPTS BALANCE

B/F 596.61
869162 46.22 550.39
869164 169.00 381.39
869165 15.01 366.38
CHQS 75.70 442.08

Overdrawn bank balances

Bank balances occasionally become overdrawn (or go into the red). This
occurs when the balance becomes negative (less than zero). Thus a bal-
ance of — £64.00 means that you are overdrawn by £64.00. The following
program lines illustrate how the function ABS may be used to print bank
balances and indicate when the amount shown is overdrawn.

X$ = STR$(ABS(X)) : L = LEN(STR$(X*100)) : M = LEN(X$)
IFM = L THEN X$ = X$ + “0”

IFM = L-2THEN X$ = X$ + “.00”

PRINT TAB(25-L) X$;

IF X < 0 THEN PRINT “ DR’’;

PRINT

For example:
DETAILS PAYMENTS RECEIPTS BALANCE

B/F 442.08
869166 52.80 389.29
869167 422.00 32.72 DR

Colourful balances

The function SGN(X) is the sign function which returns the sign (pos-
itive, negative, or zero) of the number X. The result is + 1 if the number
is positive, — 1 if it is negative, and 0 if it is zero. For example:

SGN@9.21) = 1

SGN(-9.1) = -1

SGN@©) =0

A typical use of the SGN function is when the program is required to
perform different subroutines depending upon whether the sign of a
number is positive, negative, or zero. For example, the program line

ON SGN(X) + 2 GOSUB 1000, 1100, 1200

would cause the program to execute the subroutine 1000 if X is negative,
subroutine 1100 if X is 0, and subroutine 1200 if X is positive.

12
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An interesting use of the SGN function is a simple method of changing
the colour of printing. On the Commodore 64, CHR$(28) represents red
while CHR$(30) represents green. Thus CHR$(29 + SGN(X)) will be red
or green depending on whether X is negative or positive. The following
program adds this colourful feature to our money displaying program.
The first POKE is used to give a background colour which enables green
and red to be easily visible.

POKE 53281,7

X$ = STR$(ABS(X)) : L = LEN(STR$(X*100)) : M = LEN(X$)
IFM = L THEN X$ = X$ + “0”

IFM = L-2THEN X§ = X§ + ¢.00”

PRINT CHR$(29 + SGN(X)) TAB(25-L) X8$;

IF X < 0 THEN PRINT ¢ DR”’;

PRINT CHR$(30)

This short program displays numbers with two decimal parts (for
example pounds and pence) so that they are vertically aligned. In addi-
tion the ABSolute value of a negative number is printed in red with DR
after it.

13






CHAPTER 2
Trigonometry

Scale drawings

Seldom can we directly measure the heights of tall buildings, hills, trees,
etc. One way to find the height of a building or tree is to stand away from
the object. Now measure the angle between the horizontal and the
highest point of the object (using a clinometer, which is just a glorified
protractor), then measure the distance between you and the object. By
drawing a scale drawing the height of the object can be readily estimated.
See Figure 1.

TREE

ANGLE

A

DISTANCE >
Figure 1.

You couldn’t use the same technique to measure the height of a moun-
tain peak which is miles away and covered in clouds. The clouds would
get in your way, and you couldn’t measure the horizontal distance. An
instrument such as a tellinometer would help. This uses radar to locate
the top of the mountain. It also measures the angle and distance between
you and the top. A scale drawing would provide a way of calculating the
height of the mountain. See Figure 2.

As a further example suppose we wanted to find the width of a large
pond or lake; see Figure 3.

15
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MOUNTAIN
WITH
CLOUDS

Figure 2.

- DISTANCE >
Figure 3.

A scale drawing drawn from the measurements made could be produced
and the required distance estimated.

Here is a related example. A navigator is at a certain position A. He is
150 km due west of city B and 188 km from city C. The angle between the
two cities is 23 degrees measured from his position. How far apart are the
two cities? Again, a scale drawing could provide the answer.

Although scale drawing will provide answers to the problems men-
tioned above they are rough and ready. And it is not always practicable
or accurate to produce scale drawings. An alternative approach is to do it
by trigonometry using your Commodore 64.

16



Chapter 2 Trigonometry

The trigonometry functions

The three important trigonometric functions are SIN (sine function),
COS (cosine function) and TAN (tangent function). They each represent
ratios of the various sides of a right-angled triangle. For example, the
triangle shown below is a right-angled triangle. The angle at the corner of
the left is denoted by the symbol X. The three sides of the triangle will be
referred to as the side adjacent to X, the side opposite X, and the hypot-
enuse (the longest side).

TAN(X) = opposite
adjacent

hypotenuse

COS(X) = adjacent
hypotenuse

Some useful values to remember are the following:

SIN(0°) = 0 COS(0°) =1 TAN(@©°) = 0
SIN(30°) = 0.5 COS(30°) = SQR(3)/2 TAN(30°) = 1/SQR(3)
SIN(@45°) = 1/SQR(2) COS(45°) = 1/SQR(2) TAN(®45°) =1
SIN(60°) = SQR(3)/2  COS(60°) = 1/2 TAN(60°) = SQR(3)
SIN(90°) =1 COS(90°) = 0

o
&> OPPOSITE

ADJACENT
Figure 4.

17
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If you know the angle X and one of the three lengths of a right-angled
triangle then you can find the other two lengths. For example, if you
know the angle X and the length of the adjacent side then the other two
lengths are given by the following formulae.

opposite = TAN(X) * adjacent
hypotenuse = adjacent / COS(X)

Another way of describing the trigonometric function is by using a
circle of radius 1 unit. Measure out the angle required as shown in Figure
S. The values of the various trigonometric functions are indicated.

<———TAN(X)-—>\

<«—SIN(X

X C
<«——COS(X)}—>

Figure 5.

Mathematically distances are measured horizontally from left to right

and vertically upwards. This explains why, for instance, in the Figure 6
COS(X) has a negative value.

18
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] X

<—C03(x)—>

(NEGATIVE)

Figure 6.

You can obtain SIN, COS and TAN of an angle X by typing
PRINT SIN(X) etc.,

substituting the appropriate value of X. The only possible problem is
that the Commodore 64, like most microcomputers, expects the angles in
radians, not degrees. Fortunately degrees can be turned into radians and
vice versa very easily.

First of all, what is a radian? Draw a circle of radius 1 unit. Measure
along the circumference of your circle a distance which is equal to the
radius of the circle. The angle subtended by this arc is 1 radian. 1 radian
is approximately 57°. See Figure 7.

The number 1T (or PI) is both remarkable and famous. It is defined to
be the ratio of the circumference of a circle to its diameter. The
(approximate) value of TI is stored in your Commodore 64. Simply type

PRINT TI

to reveal the value stored. In a circle of radius 1 unit the diameter is 2
units. Thus the circumference of the circle is 2*TI and so there are 2*TI
radians in a complete circle. Since there are 360 degrees in a complete
circle we see that

360 degrees = 2*TI radians, and
180 degrees = TI radians

19
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1 RADIAN

Figure 7.

We can convert degrees to radians and vice versa quite easily with the
following formulae.

X degrees = X*TI/180 radians
Y radians = Y*180/TI degrees

The following program can be used to find lengths of right angled
triangles. You need to input an angle and one distance. The program
calculates the other two lengths.

1@ REM FROGRAM FOR RIGHT-ANGLED TRIANGLE
2@ FRINT CHR#(147) RIGHT-ANGLED

TRIANGLES" CHR¥(17)
S@OPRINT "THIS FROGRAM ENARLES YOU TO FI
ND THE™

4@ FRINT "SIDES OF A RIGHT ANGLED TRIANG
L.E"
SO FRINT "PROVIDED YOU ENOW ONE STDE AND

ANGLE . " CHRE (17)
20
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&0 FPRINT ¢ * %
“« xM
70 FPRINT " *
- s 1"
239 PRINT ¢ HYPOTENLIGE * *OFPFOSTTE
& » 1
90 PRINT *ANGLE »
IEETST LR
PE OFRINT M ADIACENT" CHRE (LT
)
103 REM INFLUT DETATLS
11@ INFUT "ANGLE. IN DEGREES. "X
12@ IF Xa=0 OR X>=9@0 THEN PRINT "ERROR -
NOT A TRIANGLE":GOTO 110
PE@ PRINT CHREFCL7) “"WHICH SITDE DD YyOW kKN
OWw? 1 (OFFOSTTEY "
140 FRINT "2 (ADJACENT) OR 5 (MYFOTENMUJSE
) . "
18@ INFUT “TYRE L. & OR 3 "a7
160 IF T41 OR TX3 OR T<xINTOT)Y THEN 130
170 FPRINT CHRE(1L2) "TYFE IN THE LENGTH O
FOTHIS SITDE. "
180 INFUT "LEMGETH sl
198 IF L<=@0 THEN FRINT "FUNMY ~ TRY MGEAL
NP2 EOTO 180
200 REM CONVERT TO RADIANS
210 X=X ) B0
L2200 REM THE SFL.IT QFF
230 ON T BGOSUR 00,250,400
240 FRINT CHR#EO7) M THAT S IT ~ ANOT
HER GO Y OR NP
25O GET GF: IF GECHUY" AND GECXUNTOTHEN 2
50
260 IF GE='Y" THENM RUN
S7@ FRINT CHRE(147) "RBYE FOR NOW. " END
SO0 REM OFFOSITE SEDE KMCOWN
S1D PRINT CHR#(17) “ADJACENT SIDE:s" L/TA

he@ FRINT MYFOTENUSE: " L/SINX)

@ RETURN

A5@ REM ADJACENT SIDE ENOWN

F6@ PRINT CHR#E 7)) "OFFOSITE SIDE:" TANC(
X) %l

H7@ FRINT M HYFOTENWUSGE: " L. /GC0OS (X)

21
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SH0 RETURN

400 REM HYPOTENUSE ENOWN

41@ FRINT CHR#(17) "OFPOSITE SIDE:" BINC
X) %L

420 FPRINT "ADJACENT SIDE:" L0086 (X)

430 RETURN

READY.

Inverse functions

Suppose we know the lengths of the sides of a right-angled triangle, can
we determine the various angles? The answer is yes, and we use the
inverse trigonometric functions to do this. Given an angle X then
TAN(X) gives us a number, the tangent of the angle X. Conversely, given
a number N we could find an angle whose tangent is that number. Such
an angle could then be called the inverse tangent of N. It is usually
denoted by ATN(N), the arc tangent of N.
Look at the triangle in Figure 8.

Figure 8.

If we know the values of A and B then we could find the value of the
angle X. We know that TAN(X) = B/A, thus X = ATN(B/A). You can
put in the appropriate values in this expression and get your Commodore
64 to print out the answer. Of course, the answer would be in radians. To
get an answer in degrees you need to multiply the result by 180/TI.

The trigonometric functions SIN and COS also have inverse functions
denoted by ASN (arc sine) and ACS (arc cosine) respectively. ASN(N) is

22
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that angle whose sine is N; similarly ACS(N) is that angle whose cosine is
N. Unfortunately the Commodore 64, in common with many other
microcomputers, does not contain these functions in its basic. However
they can be easily obtained from the ATN function.

To see how we obtain ASN from ATN look at the right-angled triangle
with a hypotenuse of length 1 unit in Figure 9.

X
- A
Figure 9.

v [

Now suppose that we know the value of B, and we want to find the
angle X. We know that SIN(X) = B so that X = ASN(B), but as was
mentioned ASN isn’t present in the Commodore 64. If we knew the value
of A then we could use ATN since X = ATN(B/A) also. To find A we
use Pythagoras’ theorem.

Recall the theorem of Pythagoras. In words Pythagoras’ theorem
states that the square of the hypotenuse of a right-angled triangle is equal
to the sum of the squares of the other two sides. In symbols we have

C? = A? + B?

where C is the length of the hypotenuse. Since our hypotenuse is of
length 1 we have:

1 = A*A + B*B

or

A*A =1 - B*B

23
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and so
A = SQR(1 - B*B)

Since X = ATN(B/A) we obtain
X = ATN(B/SQR(1 — B*B))

also, ASN(B) = X, and so we obtain
ASN(B) = ATN(B/SQR(1 — B*B))

In a similar way we could produce a formula for ACS(A), one such is
given below:

ACS(A) = TI/2 — ATN(A/SQR(1 — A*A))

You should notice that ACS(A) = TI/2 — ASN(A). Appendix H of the
Commodore 64 User Manual contains other examples of mathematical
functions which may be useful but which are not part of the 64’s basic.

Non right-angled triangles

The first two examples from the scale drawing section may be solved by
using the Right-Angled Triangles program. The third example (usually)
involves non right-angled triangles.

A triangle has three angles and three sides. If we know the values of
any three of these (except three angles) then we can find the values of the
other three. For example we might know the length of two sides and one
angle. We can then find the length of the third side and the value of the
other two angles. To do this we use a formula.

Let’s call the three angles in our triangle X, Y and Z; the three sides
SX, SY and SZ where side SX is opposite-angle X, etc. See Figure 10.

SZ SX

X Z
- SY
Figure 10.

24
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Chapter 2 Trigonometry

The following formulae relate the various sides and angles.
The law of cosines:

SZ*SZ = SX*SX +SY*SY — 2*SX*SY*COS(Z)
SY*SY = SX*SX +SZ*SZ - 2*SX*SZ*COS(Y)
SX*SX = SY*SY + SZ*SZ — 2*SY*SZ*COS(X)

The law of sines:  SIN(X)/SX = SIN(Y)/SY = SIN(Z)/SZ

Notice that if Z is a right-angle (that is 90 degrees) then COS(Z) = 0
and so the first formula becomes:

SZ*SZ = SX*SX + SY*SY

which is just Pythagoras’ theorem.
The next program will find the remaining angles and sides provided
you know one of the following:

Side Side Side : You know all three sides and are looking for the
measurements of the three angles.

Side Side Angle : You know two sides and an angle which is not
between them (a non-inclusive angle) and you are looking for the
other side and angles.

Side Angle Side : You know two sides and the angle between them
(the inclusive angle) and you are looking for the other side and
angles.

Side Angle Angle : You know two angles and a side which is not
between them (a non-inclusive side) and you are looking for the
other two sides and the third angle.

Angle Side Angle : You know two angles and the side between them
(the inclusive side) and you are looking for the other two sides and
the third angles.

Notice that in the second case (Side Side Angle) two different triangles
are (usually) possible depending on whether the angle opposite side 3 is
greater than or less than 90 degrees. See Figure 11 which illustrates this
point.

190 REM TRIANGLES

2@ PRINT CHRE(147)." TRIANGLES" CHR# (
17

@ FRINT "THIS FROGRAM WILL FIND THE REM
ATNING"

40 FPRINT "SIDES AND ANGLES OF A TRIANGLE
OCHRECLT)

25
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SO OFPRINT "WHICH TNFORMATION DOOYOU HAVE?R
OOHRE (LT
W FRINT "1 8986 Al 3 SIDES" CHRE (L7
7@ FRINT "2k 85A 2OSTDES ANMD NON-~TNCLLU
HIVE ANGLE"
B0 FRINT "3 646 ¢ SIDES AND INCLUSTVE
ANGLE" CHRE L7
QU FRINT "4 SAA
WS ITVE @1 DE"Y

@9 FRINT "5 a8a & & ANGLES AND  INCLUST
VE SIDE" CHRE 17
L@ REM MORE SELECTION
1E@ INFUT . IN NUNHFﬁ " N

PE@OTF ON<L OR NS QR NG EINT ON) THEN FRIN
e "TRY Ly 2 5, 4 OR S GOT0 120

4@ REM DEF INE ARCSTNE FUNCTION, I DEGR
EkG TO & DECIMAL FLACES
8@ DEF FMAS X)) = INT CL8000%ATN (X /86 (1 -
X#X3 3/ o+ 5y /100

Law REM SGFLLIT QOFF

7@ FRINT:ON M GOSUE Ji0.518.710.91@8, 1]
%]

18@ FRINT GHRT(l?).“ﬁNOTMER GOT Y ORONY
190 GET GEs TF GEC "Y' AND G "N THEN L
Y@
2O@ TF Gty THEN RUM
210 FPRINT CHRE(L47) "EYE FOR NOW., " END
H00 REM MLl 3 SIDES
H1@OFRINT s ALL 3 SIDES ENOWN %%*" (CH
g (L 7))
@M=L GOSUR 1110 HX=6
S GOBUR 1110 ByY=E

b P EOSUE DL I@y 8=

E5@ ﬁm(SY*SY*bZ*QZWBX*QX)/(Q*QY*ﬁZ)

6@ IF ARS (A) el THEN FRINT "NOT A TRIAN
Gl RETURN
H7@ PRINT "ONGLE OFFOSITE SIDE 1 I8 " 9@
~FINAYE ()
EE0 A GXREXFHRZ G -BY*REBY) / (EXGEXREL)

EOW PRINT CHRE (17) "ANGLE QFPOSTITE S1DE
2 Ts " 9@-FNAS (M)
400 A= (SXRGXAEYRBY BT RGBT / (LRGXREY)
410 PRINT CHR$ 17) "ANGLE OFFOSTTE S1TDE
EI8 " 90-FNAS (A)

2z €=

2z

A ANGLES ANMD  NCON-LMCL.

\
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420 RETURN

A0 REM @ SIDES AND A NON-~INCLUSTVE ANGL.
£

S PRINT "ex 2 SEDES AND A NON-ITNCGLUETY
B ANGLE %%

EAQ OPRINT “TYFE IN THE SIDE FOR WHICH T
E OFFOSTTE ANGLE T8 ENOWN" CHR$CL7)

SHEQ Me=1GOSUR 1110 6X=82 GOSUER 1210 AX=A
40 M=2 GOSUR 111000 8Y=E

SEA A=GINAX) *EY/EX e IF ARG (A »1 OR A=@ T
MEN FRINTONOT A TRIANGLE" s RETURN

SOl FRINT "I6 ANGLE OFFOSITE SIDE 2 GRES
TER (*) OR LESS () THAN 90 DEGREESG?
H7@ O INFUT CTYPE » OR < "3 A%

T8O IF Axdx"ON AND A% EY THEN 570

WO AY=FNAS (A) s IF A= AND AYC9Q THEN
AY=F@D+MAY

HWW FRINT CHR#ECL7)  "ANGLE OFFODHITE SIDE
2 IsY AY CHREO?)

410 AZ=n-AX~AY*r/ 180

GAA FRINT "LENGTH OF SIDE 3 16" GX*BINS
L) /78INAX) CHR#ECLY)

HGED FRINT "ANGLE QFPOSITE SIDE 3 16" INT
(1B00%AZ/m + L5 /100

&4 RETURN

700 REM 2 SIDES AND THE INCLUSIVE ANGLE
710 PRINT "%ex 2 SIDES AND THE INCLUSIVE
ANGLE *%% "

720 M=1aGOBUER 1110 BXm=

JEG My GOSLIE 11LWnﬂYm

740 M=35:GOSUR 12101 AZ=A

730 HZ=80R(GX%EX+BY*EY 25X #SY#C0OB (AZ))
76@ LF BZ=0 THEN FRINT."NOT A TRIAMGLE":

FRETLIFRIN

777G FRINT "LENGTH OF SIDE 3 18" 67 CHFE(
17

780 M= (SYREYFGIRBL-SXREX) / (R*BY*BZ)

790 FRINT "ANGLE OFFOSITE SIDE 1 18 " 90
~FFNALG ()

B0 Am (GXHREXAEZRBL-SYREY) / (RRSX*EZT)

B1@ FRINT CHR¥(17) "ANGLE QFFOSITE SIDE

208 " 90-FNAS (A)

820 RETURN

PUD REM 2 ANGLES AND A NON-INCLUSIVE SID
E:

27



Mathematics on the Commodore 64

FL@ OFRINT ek 3 ANGLES AND A& NON-TNCLLUS T

WY n KR v

TTYREOIN THE ANGLE FOR WHICGH T

DE TS ENOWN FIRST CHRE(12)
P50 ] JEC L1 @ AXemey s GOBLER 1L 1@ Sxm

4@ Me==gn GOSUE La 1@ Ay=n

P50 A=mT-AX-AYe IF AC=@0 THEN PRINT."NOT A

TRIANGLE" : RETURN

DEY FRINT "LENGTH OF SIDE 2 s " SX#HINA
AYI/ZGIN(AX) CHRECL7)

DI FRINT "AMGLE QFFOSTTE SIDE 3 18 " IN
TOLBAAA*A/1r + 5 /7100 CHR$ (L7

WG FRINT "LENGTH OF SIDE 5 T&6 " SX*HTNC
A ZBTNCAXD

DY@ FRET LR

LA REM 2 ANGLES AND AN INCLUS TVE STDE
101 FPRINT "xxx 2 ANGLES AND AN INCLLSTIV

[ G TR xx "

T2 M=1 s GOBUR 1210 AX=A

L@ M= GOSUE 1210 AY=d

<A GOOGUER 1110 §7=8

125D A=n-AX~AY: IF A= THEN FPRINT,"NQT A
TRIANGLE" s RETLURM

L@B6B FRINT "ANGLE QOFFOSITE SIDE 3 I&s " o
NT 18000 *A/m + ,5) /100 CHRECLT)

1A7@ FRINT "LENGTH OF SIDE L I8 " SGZxSIN
(AX) 78ING) CHRE (L)

1@80 FRINT "LENGTH OF SIDE 2 I8 " SZxGIN
CAY) /78GTN (A

LDYD RETURN

1100 REM GET A& SIDE

1318 S=@2FRINT "“TYFE LENGTH OQF SIDE" M "
g M TNFLT B FRINT GHERECL7 )

1120 TF S«=@ THEN FRINT,"MOT A& TRIANGLE !
aEOTO 111@

112 RETURN

1200 REM GET AN ANGL.E

1R21@ A= FRINT "TYFE ANGLE QFFQSTTE S1DE
M M Yy s INPUT A FRINT CHR$ECLT7)

PR2B TF Ac=@, 001 OR MAr=le@d THEN FRINT.O"N

G A TRIANGLE s GOTO 121@

1230 A=Axn/180: RETLIRN

FEMADY .
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SX

Figure 11.

Refraction

Things often look distorted when viewed through glass or plastic. Water
looks shallower than it actually is. The reason is refraction. When a ray
of light travels from one medium (air) to another (glass, water, ...) it is
bent or refracted. The angle that the ray hits the glass with is called the
angle of incidence; the angle after it has been refracted is called the angle
of refraction — see Figure 12.

For a given material there is a fixed relation between the angles of
incidence and refraction. This is given by Snell’s law which states that the
ratio of the sine is constant for any material (in air). This ratio is called
the refractive index.

refractive index = SIN(angle of incidence)
SIN(angle of refraction)

For glass the refractive index is about 1.5, for water it is 1.333, while for
diamond it is 2.417.
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AlR

ANGLE OF INCIDENCE

ANGLE OF REFRACTION

///

Figure 12.

The program allows you to determine the angle of refraction, assum-
ing that you know the angle of incidence and the refractive index.
1@ REM REFRACTION FRCOGROM
20 PRINT CHR#ECL47) FREFFRACT
ION" CHRECL7)

BQ OFRINT "THIS FROGRAM CALCULATES THE AN
GLE QF"

4@ FRINT "REFRACTION WHEN & RAY OF LITGHT
HITS"

5@ FRINT "ANOQTHER MEDIUM, " CHR$ECL7)

10@ REM INFUT DETATLS

110 FRINT "TYFE IN ANGLE OF ITNCIDENCE.
N DEGREES. "

120 INPUT "ANGLE: 3

L2 IF Xa=@0 OR X@=90 THEN FRINT “"BERROR -

140 FRINT CHRE(17) "WHAT 18 THE REFRACTI
VE INDEX OF THE MED LMY

145 INFUT "REFRACTIVE INDEX: "R

185@ 1TF Ra=@ THEN FRINT "FUNNY -~ TRY AGAI
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N"eGOTO 145

L6 REM CONVERT TO RADIANS

L7@ X=XAr/ 160

18@ REM CALCULATE

19@ Y=BINCX) /R Y=Y/ GRR(L-Y*Y)

L2 FRINT CHRE L) "ANGLE OF REFRACTION:
OATN(Y)Y #1802/ "DEGREES, "

Z0@ FPRINT "FERCENTAGE OF ANGLE OF  INCTDE
NCE® " INT (ATNCY) %100/ X)

240 FRINT CHR#E L7y THAT S IT — ANOT
GEYy OFR N

GET GEr TF GEL Y Y AND Gl @ ON" THEN 2

TF G#F="y" THEN FRUN
FERINT CHR#CL47) "RBYE FOR NOW. "8 END

READY .
Reflection

A piece of glass or the surface of water occasionally behaves like an
ordinary mirror, reflecting everything. This occurs when the angle of
incidence is too great and the ray of light is reflected. The smallest angle
at which this occurs is called the critical angle of the medium. This is
given by the following simple formula:

SIN(critical angle) = 1
refractive
index

Thus the critical angle can be determined from the refractive index by
using the ASN function described earlier on.
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CHAPTER 3
Earth Trigonometry

The Earth

The earth is almost a sphere. But it is slightly squashed at the north and
south pole. The equator has a radius of 6378 kilometres. The polar
radius is 6357 kilometres. The difference is only about 0.3% and you can
hardly tell that it isn’t a sphere. The average radius is 6371 kilometres.

We are used to saying that the shortest distance between two points is a
‘straight line’. But this applies only on the plane, or on any ‘flat’ surface.
On a sphere, like the Earth, the shortest distance between two points is
part of a circle called a great circle. A great circle is a circle whose centre
is the centre of the earth.

Great circles passing through the north and south poles are called lines
of longitude. Lines of longitude have an angle associated to them. The
line of longitude that passes through Greenwich, England is marked 0° (0
degrees). The others are marked by measuring the angle at the centre of
the Earth between the line of longitude and the one at Greenwich — see
Figure 13.

Usually longitude lines go from 0° to 180° both east and west.

Lines of longitude tell us how far a point on the Earth is east or west of
Greenwich. To show how far a point is north or south of the equator we
use lines of latitude. The equator is said to be of latitude 0°. Circles on
the Earth which are parallel to the equator are called lines of latitude.
The angle (measured at the centre of the Earth) between the equator and
a line of latitude is called the latitude — see Figure 14.

Latitudes go from 0° to 90° both north and south. The north pole is at
latitude 90° north, while the south pole is at 90° south.

Any point on the Earth may be pin-pointed by its latitude and
longitude. For instance, Newcastle upon Tyne (England) is at latitude
55° north and 1.5° west approximately. More accurate values are 54° 58’
N and 1° 36’ W, where the symbol ’ is read as minutes and a minute is
1/60 of a degree.

Latitudes and longitudes are a set of co-ordinates on the surface of the
Earth.

Calculating the (shortest, great circle) distance between two points on
the Earth is not easy. For instance, what is the distance between

33



Mathematics on the Commodore 64

NORTH POLE

GREENWICH

SOUTH POLE
Figure 13.

Newcastle upon Tyne and Paris, France? (Paris is at approximately 49° N,
2° E.) With a suitable program on the Commodore 64 this presents no

problems.

The next program calculates distances between two points on the Earth’s
surface. The mathematics behind the program is based on several uses of
the cosine and sine rules discussed in the previous chapter.

L@ REM
A0 FC ¢ PRRINT CHRFRE CLA7) W CHFE (L4
) UEARTH Y GRS CL7)

SRINT U"THIS FROGRAM CALCULATES THE &H

"

AR FRINT "DISTANCE BETWEEN TWO FOINTS ON

INFUT DATA
R Iml TO 2
7@ FRINTsFRINT CHR# (5) "FOSTTION": It CHR#
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LR CHRE L)

8@ INFUT " LATITUDE "saAadl)

FA IF A A OR ACD »920 THEM FRINT "EBETW
EEN @ AND 9@ "2 GOTO 80

19@ INFUT M N OFR & "sig

L@ OTF A EUN OND AF S THEN FRINT N
ORTH OR SOUTH! T GOTO 100

L@ IF Ag=Gt THEN AL s-n (])

A FRINT: INFUT "LONGITUDE “nBCl)

140 IF B <@ OR B 2180 THEN FRINT "EBE
TWEEN @ AND 180! " GOTO 1730

185 INFPUT " E OR W "sid

16@ IF A "EY AND A2 "W THEN FRINT "E
AET OFR WE PR EOTO 1SR

17@ IF A=t THEN B D) =-~B L)

180 NEXT

L@ FRINTHFRINT CHR$ CLEZD) "DO YOU WANT T
HE DISTANCE IN MILES OR b L LLOMETRE &
A0 TNFUT "M OR B A FRINT

21QIF A0 x"MY AND A UKD THEN 200

220 Re&BE7 008 B ILOMETRES " ¢ TF Ag="M" THE
e B9 6@ B M ILESY

ARG REM THE CALCULATTON

/180 BR=R(2) %0/ 180

2UD B=ABSB O ~BCH s IF Br180 THEN B=i80
260 A=ABS (A L) ~A () ) %1/ 360 : B=B*1/ 760

278 X=08 (A1) S TN (B #C0O8 (AZ) *G TN (E) +B LN (
@) #EINCA)

ABQ D=2%FR%ATN (SRR X/ (LX) ))

2@ FRINT CHRECLSE) "THE DISTANCE 18" IN
TD®LQ@) /1 DAy B

S0 FRINT: FRINT CHRE (LE4) , "ANOTHER GOY Y
OR N

H1@ GET G IF O GECFTY" AND G N THEN B
1@

JE2@ IF GHF="Y" O THEN RUN

EEQ OPRINT CHRECL47) "RYE FOR NOW" s END

READY .
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Figure 14.
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CHAPTER 4
Powers

The square of a number X is the number multiplied by itself, that is X*X.
It is denoted by X2 or Xf2. The square of a number is also called the
second power of X.

The powers of X are products of the appropriate number of X’s. The
first, second, third, fourth and fifth powers of the number 2 are the
numbers

2, 4, 8, 16, and 32.

We denote these powers respectively by
21,22, 23, 24 and 25,

You can calculate the powers of 2 (or any other number) with the
following simple program.

Al
70
HAOFRINT " THIS FROGRK : T THE PO
WERS OF A NUMBER ENTERED, " CHRECL7)

4@ INFUT "NUMEBER "2 XsFPRINT

S5@OINFUT "HOW MANY FOWERS s N FRINT

HGU T NS OR N 2INT OND O THEN FRINTYAN  INT
EGER PLEASE"GOTO %@

7@ REM THE CALCULATION AND FRINT OUT

B8O FRINT CHRE & Y T XTI CHRECLT)

Q@ Y=,

10@ FOR T=1 T NsyY=Y®XsFRINT TsvYsNEXT
110 FPRINT:FRINT CHRE LS4 , "ANOTHER GO Y
(R N

12@ GET GF: IF GF =YY AND GF ="N" THEM |
135@ TF G#F="Y" THEN RUN

140 FRINT CHRECLA7) YREYE FOR NOW'™ 5 END

FOWERS" CHEE (1

READY .
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If the number N is too large you’ll get an overflow error.

You can add a few lines to test for a possible overflow and escape.
W REM FOWERS
2OOFRINT CHREE CLA7) , CHbekE CLS4 ™ FCWE.
& CHRE L7

AQOFRINT "ML

CAM PRINTS OUT THE PO
WERE OF A MNUME ENTERED. " CHRECL7)

4@ TNFUT "NUMEER s X LINT
GEOTNFUT "HOW MANY P OWEFR "y N FRCINT
GWOTF NCL OR N XINT N THEN FRINT" AN TNT
SE T EOTO S0

G TF N L) %LU (ARE (X)) 126106 (2 THEN
FERINT "YOU L FROBARLY OVERFLOW" y FRINT
7@ REM THE CoLCULATION AND FRINT OUT

B PRINT CHRE ) T X0 GHRE L)

L@@ FOR T T M Yssy®Xa FRINT Ty yeNEXT
1@ PRIMT FRINT CHEE CLEAY | ANCOTHER GO Y
LR MY

12@ GET G#Es TF GH "Y' AND GEC =N THEN )
]

LA@ TF Gy THEN RURN

149 FRINT CHRE L1475 "BYE FOR NCOW" s END

READY .

The Commodore 64 can also calculate the power N of a number X by
using PRINT X{N.

1@ REM FOWERS AGATN

A@ FRINT CHRE C147) o OHicg (LS4 FOWE RS
AEATN' CHRE L)

2@OFRINT "THIS FROGRAM FRINTS OUT THE 0
WERS  OF A NUMBER ENTERED. " CHRE (17

4@ INFUT  "NUMEBER "2 X s FRINT

SO OINFUT "HOW MANY FPOWERS “s Ny PRINT
GEWOTF Mol 0RO NCEINTONY THEN FRINT"AN INT
EGER FLEASE" 1 GOTEO 50

7@ TF O ONA L) %LLOG (ARS (X)) 51 R26%LOG () THERN
FRINT "YOU L FROBAERLY  QVERFLOW" 3 FRINT
8O REM THE CALCULATION AND FRINT OUT

P
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Q@ FRINT CHRE S "1 XD CHRE (L)
1@ FOR T=1 T0O MsFRINT s XLaNEXT
1@ FRINTsFRINT CHR$E LS4, "ANOTHER GO Y
QR N
120 GET G¥s IF GFC:"Yy" AND GF N THEN 1
di
1@ TF G#E="Y'" THEN RUN
14@ FRINT CHREC147) "BYE FOR NOW!": END

READY .

As you may know or can soon discover, N does not have to be a whole
number.

But what does 211.7 mean? It is reasonable that it should be a number
between 211 and 212, that is, between 2 and 4. Indeed, the value of 211.7 is
about 3.24900959. An approximate way of finding the value of 211.7 (with-
out using your computer) is to use some graph paper. Plot the powers of 2
from the first power to the fifth power — see Figure 15. Next draw a
smooth curve through these points — see Figure 16. The approximate value
of 211.7 can be read from this graph — see Figure 17.

Similar graphs could be drawn for powers of other numbers. Of
course, you need not do this since your Commodore 64 will give the
answer immediately.

Negative powers of numbers also make sense, these are simply defined
by the following rule:

XN = I/XN

Thus 2-2 = 1/22 which is 1/4 or 0.25. By convention, the zero-th power
of a number is 1.
Powers of a number behave in a nice way according to the following
rule:
XM * XN = XM+N
So that, for instance,
34 % 32 = 36
and
10-2 * 10 = 10\

Square roots

For a number X the number X"2 has a special name — it is called the
square root of X. The square root of a number is that number whose
square is the number. Thus the square root of 9 is 3 and the square root
of 2 is approximately 1.41421356 as you can readily check by multiplying
this number with itself.
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Figure 16

41



Mathematics on the Commodore 64
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The notation X!/2 for the square root of X fits into the way that
multiplication of powers works:

X172 * X112 = X!

which is X of course.
The square root of a number X can also be found with the Commo-
dore 64 by using PRINT SQR(X).

Imaginary numbers?

The square of a number is always positive and so you should not expect
to be able to find the square root of a negative number. Indeed if you ask
the Commodore 64 to PRINT SQR(—1) it will respond with an ILLE-
GAL QUANTITY ERROR message.

You may have heard of imaginary numbers and complex numbers
which are associated with square roots of negative numbers. Mathemati-
cians are never deterred by seemingly impossible things such as the
square root of — 1. One simply creates a new symbol to stand for this
number. Thus we let I stand for the square root of — 1. There is nothing
strange about this, I exists in the same way as negative numbers exist.

We can add the number I to itself, to other numbers and multiply it by
other numbers. We can therefore form numbers such as

2 + 3%, 1.41412*1, 9 - I, 10 — 8*I.

Numbers involving I are called complex numbers, usually to distin-
guish them from ordinary or real numbers. Any complex number may be
written in the form

X + Y*I

for some real numbers X and Y. We call X the real part and Y the
imaginary part of the complex number.

Once we decide to use the symbol I for SQR(—1) we can find square
roots of other negative numbers.

SQR(X) = SQR(ABS(X)*SGN(X))
= SQR(ABS(X))) * SQR(SGN(X))

Thus, for instance,

SQR(-9) = SQR(9) * SQR(-1)
= 3*L.

But, of course, the Commodore 64 will not operate this way because it
doesn’t know about complex numbers.
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The next program shows how you could incorporate complex numbers
within your Commodore 64. Simple arithmetic operations may then be
performed. Note that multiplication of complex numbers follows the
following rule.

(A + B*I) * (C + D*)

A*C + A*D*I + B*I*C + B*I*D*I
A*C + A*D*I + B*C*I + B*D*I*1
A*C + A*D*I + B*C*I + B*D*-1
A*C - B*D + (A*D + B*C)*I

L@ REM COMPLEX NUMEERS
2@ FRINT CHRE(147) ,CHRE (LS4 " COMPLEX N

LIMESE

G CHRE (17)

@ FRINT "THIS PROGRAM FERFORMS MULTIFLI
CATION"
4@ FRINT "AND DIVISION OF COMPLEX NUMRER

s«::; L "

CHIRE (L7)

S@OFRINT "ENTER COMPLEX NMUMBERS AS REGUE
STED." CHR$(17)
GO FRINT CHRF (L58) "FIRST NUMBER" CHR# (1

7

@ INFUT " REAL FART "3/
8@ INFUT "IMAGINARY FART "3 RrFRINT
Y@ FRINT "SECOND NUMBER" CHR%(L17)

100
i@
12@

INFUT REAL, FART "y
INFUT "IMAGINARY FART "sDiPRINT
FRINT CHRECS4) "WHAT DO YOW WANT T0

Doy

150
14@

THE:

1%5@
L&D
170
180
OR
190
4]
SO0
#1@

H1a

FRINT "1 MULTIFLY THE TWO NUMBERS. "
FRINT "& DIVIDE THE FIRST NUMBER BY
SECOND " CHF#E (156)

INELTT "ENTER 1 OR 2 "sNsPRINT
IFONGx1T AND N =20 THEN 150

ON N GOSUER 500, 25
FRINT: FRINT CHR$ (154) . "ANDTHER GO Y
Nll

GET G#: IF GECH"YY AND G x"N" THEN i

IF G#F="Y" THEN RUN

FRINT CHRE(147) YEYE FOR NOW":END
REM MULTIFLICATION

FRINT CHRE(S5) CTHE FRODUCT OF THE NU

MEERS:

':’; ) w
‘el i
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HEQOFRINT "IMAGINARY FART s AxD+E*C

340 RETURN

A5@ REM DIVISION

He6W X=CxC+eDeDy IF X=0 THEN FRINT CHRE
"DIVISTON NOT FOSSTELE" s RETURN

7@ FRINT CHR#E () "THE DIVISION OF THE F
ITRGT BY GECOND:"

HB@ PRINT O REAL. FART "1 (AXCHE*D) /X
PO FRINT "IMAGINARY FART "8 (-QA%D+E*C) /X
4080 RETURN

READY .

Quadratic equations

Quadratic equations often arise when solving problems of one sort or
another. The general form of a quadratic equation is

A*X?2 + B* X + C =0

where A, B and C are known numbers with A non-zero. The problem is
to find those numbers X that satisfy the equation. These are called the
roots of the quadratic equation. For example the values X = 1 and X =
2 satisfy the following quadratic equation

X2 -3*X+2=0

as you can readily verify.

Usually there are two roots to a quadratic equation, often the roots are
complex numbers.

There is a very straightforward formula which provides the roots of a
quadratric equation. The roots of a quadratic equation are given by

— B+ SQR(B2—4*A*C)

2*A
and
—B—-SQR(B?-4*A*C)

2*A

The key to the nature of the roots is found in that part of the formula
involving the square root function,

SQR(B? — 4*A*(C)
which is called the discriminant.
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If B2 — 4*A*C > 0 then there are two real roots.
If B> — 4*A*C = 0 then the two roots are real and the same.
If B> — 4*A*C < 0 then there are two complex roots.

The next program calculates the roots of a quadratic equation.
L REM QUADRATIC EGUATIONSS
Al FRINT CHRECLAT7)) LCHRE (LS4 "QAUADRAT T
EQUATIONG" CHIRE (L7)
BQOPRINT "THIS FROGRAM SOLVES GQUADRATIC
ECLIATTONSY
4@ FRINT "LIEE AeX®X + @eX + o= @, CHR
FCL7)
9@ OINFUT "VALUE OF & "saeFRINT
HO TF A= THEN FRINT YA CANNOT RE ZERO.
TRY AGAIN. "1 BOTEO S0
7O INMFUT O UVALUE OF By R FPRINT
8@ ITNFUT "VALLUE OF © “sCeFRINT
Y@ REM START OF CALCULATLCM
1AW Dy f e 4 % iy ()
PI@ FRINT CHRFE CLEES) o ON SN D) 3 GOSUR E0
@, 500,400
LE@ PRINT: FRINT CHRE CLEA) L "ANOTHER GO? Y
O N
L3O GET G IF GFC "Y' AND GEC TN THEN )

L4@ TF GFE="Y'" THEN RUN

135@ FRINT CHREC1L47)  "RYE FOR NOW": END
2@ REM TWO COMPLEX ROOTS

210 FRINT "THERE ARE TWO COMFLEX ROOTES. "
CHR#%E(17)

WD Xme- B/ YEARS (BER (-0 /A3

AEA PRINT Xa"+"a Y CHRE CLE7) 3]

L4 FRINT Xo"-"aysGHRE (LS7) 5 el ?

250 RETURN

SO0 REM TWO EGLAL RODTS

F1O OPRINT "THE TWO ROOTS ARE EGU6L. " CHK
FCL7)

SR@ FRINT ~BR/a7%E

FED RETURN

400 REM TWO REAOL, ROOTH

410 FRINMT "THERE ARE TWO REAL RODTS. " CH
R (17)
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@ DmGBER D) ¢ X CoBie D) 2200 TR BB THEN X (o
B0 7

450 FRINT X/7A8FRINT /X

4.4@ RETURN

FREADY W

If there are two real roots, then the program uses the quadratic for-
mula to find one of the roots — the one with the largest absolute value.
The other root is found by using the fact that the product of the two
roots is C/A.

Solving other equations

Solving quadratic equations is relatively straightforward. This is not so
for other equations such as

9*X5 — 3*X* + X3 — X2 + 5*X — 4 = 0.

If the equation only involves non-negative integral powers of X, as in
the example above, we call the equation a polynomial equation. The
largest non-zero power of X that occurs is called the degree of the poly-
nomial. In the above equation the degree is 5. The quadratic equation is a
polynomial equation of degree 2. Quadratic equations usually have 2
roots; a polynomial equation of degree N usually has N roots.

Apart from some special cases there are no general formulae for
solving polynomial equations. Indeed this lack has led to some very
interesting mathematics, but that’s another story and will not be covered
here.

We can, however, use our Commodore 64 to work out roots of poly-
nomial equations by a repeated guess-and-try process. Essentially the
computer tries many different numbers to find out which satisfies the
equation.

The next program provides a method of finding a real root of a poly-
nomial equation. It is mathematically crude and occasionally will not
find a root, even if there is one. The program does however illustrate the
general method involved.

12 REM FOLY ROOTS

20 PRINT CHRE (147) L CHRE (154) "ROOTS OF P
OLYNCOMIALS" CHRE (17)

O PRINT "THIS FROGROM ATTEMETS TO FIND

ROOTS OF "

4@ FRINT "FOLYNOMIALS SUCH AS" CHRE (L7)

5@ PRINT "ORXON 4 BRXT(N=1) o+ .. o+ GkX

+ D o=@,
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6@ INFUT "DEGREE OF FOLYNCOMIAL "sNsFRINT
7@ IF N OR NS EINT N THEN PRINT “"INTEG

ER PLEASE. ": GOTO 60

80 DIM AN s FRINT "ENTER COEFFICIENTS TE

RM BY TERM," CHR¥(17)

9@ FOR I=0 TO N

100 IF TN THEN FRINT " COEFFICIENT QF
X" aMIDE (B8TRE (N~T) 2) 3

110 IF I=N THEN FRINT "CONSTANT COEFFICI
ENT"

120 INFUT ACD)

130 IF AW =0 THEN FRINT “NOT ZERQ PLEASS

E.":GOTO 100

140 NEXT

150 PRINT:FRINT "ENTER RANGE OVER WHIUGH
SEARCH OF ROOTS"

160 FRINT "I8 T0O BE ATTEMPTED." CHR$17)
170 INFUT “LOWER VALLUE "i16

180 INPUT "UFFER VALUE "iBiFPRINT

19@ TF Ax=R THEN FRINT "FIRST VALUE SHOU

LD BE LOWER.":GOTO 17@

200 REM SEARCH

210 S=R-A: T=0: TEST="~1 13 D=L -9

220 PRINT "TEST RUN"3T+1;"#*%"3 1073 "DIVI

SIONS %" GOSUR 300

230 IF TEST THEN S=85/1@0:T=T+1sIF T<4 THE

N GOTE 22

240 ITF T=4 THEN FPRINT:FRINT "CANNCT LOGCA
TE ROOTS -~ SORRY."

2890 FRINT:PRINT CHR# (1854) , "ANOTHER GOY Y
OR N"

26@0 GET GE: IF GECX'Y" AND GF:"N" THEN
&0

270 IF GF="Y" THEN RUN

280 FRINT CHR#%(147) "BYE FOR NOW":END

S0 REM STEF BY STEF SEARCH

310 X=A:G08UB 400: X1=A:Yl=Y

320 FOR X=A+8 TO B STEF 8

230 GOSUER 400: XZ2=X:Ya=my

340 IF Yixy2<=D THEN GOSUER S0

A0@ Yi=YaX1=X

I6B NEXT

378 RETURN

400 REM EVALUATING FOLYNOMIAL

48



Chapter 4 Powers

410 YA @) FOR I=1 TO Mry=Y®X+A (1) s NEXT
4280 RETURN

HAB REM FINE TUNING SOLUTION

W1@ FRINT "FINE TUNING SOLUTLON'": B
WAATF MRS (YL CD THEN X=X1:G0T0 %90
WEAOTF ARG (YR AD THEN X=X2:GOTO 590

4@ T=Xa Xm= (XX /8 GOSUE 400

S5 IF ARS (Y)Y LD THEN 590

We@ IF ARG (Z-~X) <D THEN BEE="PROBARLY "1 60
TO §90

D70 IF YRYZEQ THEN X2=X:GEOTO S540

B X1=X1G60TO %40

W0 PRINT: FRINT “"THERE 18 " BE "6 ROOT A
T "sX:TEST=@: X=H

HAY RETURN

READY.

Occasionally the program will say that there is PROBABLY a root at
some number. To check if it is a root, or to check how close it is to a root,
type the following after typing N to another go.

X =Z:GOSUB 400:PRINT Y
The value of the number printed tells you how close you are to a root.

Newton’s method

The method of finding roots of equations given in the previous section
can be improved by using the so-called Newton’s method.
Suppose we want to find a root of the polynomial equation

9*X5 — *Xt + X3 - X2+ 5*X -4 =0
Denote the polynomial function by P(X) and let P’(X) be the following
polynomial.

5*¥0* X4 — 4*3*X3 + 3*X? — 2*X + 5.
In fact P’(X) is the derivative of P(X), but this need not concern us.

Now, if Y is approximately a root of the equation P(X) = 0 then the
following

Y - PY)/P(Y)
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is usually a better approximation provided that P’(Y) is non-zero.
The next program uses this technique to find roots of polynomial

equations.

L REM FOLY ROCTS VIS NEWTON

A FRINT CHRIRE CL47)  CHRE LS4 "ROOTS QOF &

OLYNOMIALS BY NEWTONS METHOD, "

HQOPRINT "THIS FROGRAM ATTEMFTS T0 FLND

ROCTES QF"

4@ FRINT "FOLYNOMIALS SUCH @8E" CHRE LD

H@ OPRINT "A%XCN 4 B®X(N=-1) + .. b (%X

@ "

HG@ INFUT "DEGREE OF FOLYNOMIAL s NsFRINT

7@ OTF NS OR NS FINTONY THEN FRINT " ITNTEG

ER PLEASE ., " s GOTO 60

80 DIM AN s FRINT "ENTER COEFFICIENTS TE

KM BY TERM. " CHR$ (L7

Q0 FOR 1= T N

1@ TF TN THEN FRINT " COEFFITCTENT OF

XU s MEDE (BTRE (N-L) 203

11D IF TeNo THEN FRINT "CONSTANT COEFFICIT

ENT "y

120 INFUT ACD)

1A@ TF A =0 THEN FRINT "NOT ZERO FLEAS

E."1GOTO 100

140 NEXT

LS FRINTFRINT "ENTER A& GUESS VALUE FOR
A ROOT. " CHRE L)

160 ITNFUT "GUESS "s XsFRINT

17@ REM CALCULATING B OX)

180 DIM BN 2 FOR T=@ TC NeRCD) = (N~T) %41
) e NEXT

190 GOSUR S0 » REM FINDING ROOT

200 REM ENDING

A1 FPRINTFRINT CHEE CLS4) , "ANOTHER GO? Y
R N

220 GET GF: IF GFEC XYY AND GFCFUNT O THEN 2

]

BE@OTF GE=tYY OTHEN RUN

240 FRINT CHRECL47) "BYE FOR NOW'" 2 END

400 REM EVALUATING FOLYNOMI L.

410 Y=A @) s FOR Il T Ny YssY®RX+M D) s NEXT

420 Yi=B@) sFOR T=1 TCO NelsYlmyl®X+B (1)

NEXT

450 RETUIRN
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500 KEM FINDING BOLUTION

H10 Jml:DslE-9: GOSUR 400

20 IF ABS(Y)<D THEN 590

530 IF Yim@ THEN PRINT "DIVISION BY ZERO
- GORRY = MOKE ANOTHER BUESS. s KETURN

B4Q ZmXpXmX-Y/Y1rJudels GOSUE 400

S50 IF MBS (Y) 4D THEN 590

H60 IF ARG (Z-X)aD THEN Efs"FROBOBLY "GO
TO 90

70 IF J:1000 THEN FRINT "SORRY, CAN'T F
IND A ROOT. "t RETURN

SE0 GOTO S50

HIW OPRINTFRINT CTHERE 18 " 8% "o ROOT @
Tonrx
OB RETURN

Exponential function

Functions like 2%, 10X are called power functions, because the variable X
occurs as a power. Power functions are accessed on the Commodore 64
by using PRINT 21X etc. There is one important power function that the
Commodore 64 singles out; the exponential function EXP(X).

The exponential function is based on powers of the number E which
has the value 2.71828183 approximately. Do not confuse this E with the
E that appears when numbers are printed using scientific notation. The
number E itself is defined by the following:

E=1+1 + 1 4+ 1 4+ 1 4+ 1 4+ 1 4
1! 2! 3! 4! 5! 6!

where . .. means that the sum carries on forever, and the symbol ! stands
for factorial which is defined by

Nl = N*¥(N-1)* (N=-2)* ... *2*1

that is, the product of the integers from 1 to N. For instance, 4! is
4*3*2*1 which is 24.
The exponential function is defined by
EXP(X) = EX
ElX.
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So that, in particular, E = EXP(1). Try typing the following on
your 64.

E = EXP(1)
PRINT E15, EXP(5)

Because of the properties of power functions we have the
following properties of the exponential function.

EXP(X)*EXP(Y) = EXP(X+Y)
EXP(X)/EXP(Y) = EXP(X-Y)

There is a very straightforward formula which may be used to
calculate EXP(X) for any number X. This is given as follows:

EXPX) =1+ X + X2 + X 4 X4 4 X0 4 X0 ¢
12t 31 4 st e

Logarithmic function

What number X satisfies EXP(X) = 3? Since EXP(l) =
2.71828183 we see that X is just over 1. In fact the answer is
1.09861229 approximately.

The number X that satisfies EXP(X) = N is called the (natural)
logarithm of N. It is usually denoted by LN(N). But, in common
with most microcomputers, the Commodore denotes it by
LOG(N).

The logarithmic function has the following properties.

LOG(X*Y) = LOG(X) + LOG(Y)
LOG(X/Y) = LOG(X) — LOG(Y)
LOG(XY) = N*LOG(X)

It is because of these properties that logarithms are important when
performing multiplication, division etc., without computers.

The following relations hold between the exponential and
logarithmic function.

EXP(LOG(N))
LOG(EXP(N))

N
N

One simple use of the logarithmic function is testing of large
numbers. For instance, the number X satisfies the relation

X< 10IN

if and only if the following relation is satisfied

LOG(X)< N*LOG(10).
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Such a reformulation is useful because the number 10]N itself may cause an
OVERFLOW ERROR.

Roots of other functions

Given a function such as X*EXP(X)+ 1, a root of the function is a
number which when substituted into the function gives 0.

Two programs for finding the roots of quadratic equations were given
earlier on. The first of these can be adapted for finding roots of other
functions. When the program is RUN you will be asked to type in two lines:

100 DEF FNA (X) = enter function of X here
GOTO 100

Enter the function whose root you want in the first line.

L@ REM ROODTS OF FUNCTIONS

2@ FRINT CHR¥(147) ,CHRE (154) " ROODTE OF
FLUNCTIONS" CHRF (17)

SQOFRINT "THIS PROGRAM ATTEMFTS TO FIND
ROOTS OF  FUNCTIONS. " CHR$(1L7)

40 FRINT "TYFE FUNCTION OF X IN THE FOLL
OWING FORM "

WOOFRINT CHR# (158)  "100 DEF FNA (X) =X XF
(X" CHRE L7

6 FRINT CHRF (154) "THEN TYFE" CHRE(L7)
7@ FRINT CHRE(158) "G0TO 100" CHIRE (I54) s
ECNDD

10@ DEF FNA (X)) =X%#EXF (X) #L.06 (MBS (X)) +1)
15@ PRINTYFRINT "ENTER RANGE OVER WHICH
BEARCH OF ROOTS"

16@ FRINT "I6 TO BE ATTEMFTED." CHR#(17)
17@ INFUT "LOWER VALUE "314

168@ INPUT "UFFER VALUE 3B FRINT

190 IF Alk=ER THEN FRINT “"FIRST VALUE SHOU
LD BE LOWER. “:GOTO 170

200 REM SEARCH

A10 G=R-0: T=@: TEST=~ 11 D -9

22Q FRINT “"TEST RUN™3T+1y" %% 11073 "DIVI
HIONEG »x"3:GOSUB 200

LM OLIF TEST THEN 8=6/10:T=T+1:1F T<4 THE
N GOTEO 22

S4@ TF T=4 THEN FRINT:FRINT "CANNOT LOCA

-
-
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TE ROOTS - BORKY.'

AEA FRINT s FRINT CHR$E CLSB4) | PANDTHER GO Y
OR NY

A6HO BET GFEs IF G0 AND GFC FONT THEN &
&l

7@ TF Gty THEN RUN
0(2] FRINT CHR$ (147)
REM STEF BY STEP & Y

Xumfye Yo NA (X7 3 X L=y Y I i

FrOR Xy T B HIH“ E)

YaF N (X)) 8 Xgm Xy

TE Oy Ly 2o THEN GOBUE S

YlmY@n X=X

NEX T

FRE T LIRIN

REM FINE  TUNTNG S0 U'l" TON

FRINT "FINE TUNING SOLUTTOM" @ gt
TEF ARG CY L) <D THEN X=xX1sGEOT0 %90

ITF ARSBYE) 4D THEN X=xXZ: G070 %90

ZwmXa Xwm (X 14X2) 70 YN (X

TF ARG Y)Y LD THEM S90

HEQ TF ABS (Z-X) 4D THEN Bdf="FROBARLY 260
TO 90
H7@OTE YRYRE@ O THEN XE=XaGOTO S40

HE@ X1=XsGOTO %40

HO@D FRINTeFRINT "TeERE 1T6 " B YA ROOT M
1 i 531 e g X R

HBD RETURN

MOW '™ 5 EMD

READY .

If you get the PROBABLY message, stop the program and type
PRINT FNA(Z)

to find out how close you are to a root.
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Sequences

Sequences (and series) are important concepts that appear all over the
place. A sequence is just a list of number, for instance:

1,2,3,4,5 19,7, 8, 12
20, 18, 16, 14, 12, 10, 8
1, 0.1, 0.01, 0.001, 0.0001, 0.00001, 0.000001

The individual numbers or members of the sequence are called the terms
of the sequence. Usually the sequence is created with some rhyme or
reason, such as the last two above. The second one was created by using
the formula 22 — 2*N for N = 1 to 7, while the last used 10/10~ for N =
1 to 7. Your Commodore 64 is good at creating sequences. The following
simple program illustrates this. Insert your own formula (involving N) in
the second line.

10 REM SEQUENCE GENERATOR

20 DEF FNA(N)= (insert formula involving N here)

30 FORN =1TO 10

40 PRINT FNA(N);: IF N < 10 THEN PRINT CHR$(157); ““,”’;
50 NEXT

60 PRINT

Here are some sequences produced by this program for various differ-
ent formulae. Can you see what formula was used in each case? Check
your guess by inserting the formula in the above program. (The answers
are given later on in this section and further examples are given in subse-
quent sections.)

@ 1, 6, 11, 16, 21, 26, 31, 36, 41, 46
(b) 1, 2, 4, 8, 16, 32, 64, 128, 256, 512
© 1, 4,9, 16, 25, 36, 49, 64, 81, 100
@ 1, 2, 4,7, 11, 16, 22, 29, 37, 46
(e) 4, 4, 8, 12, 20, 32, 52, 84, 136, 220

The formulae for the first few sequences are not too difficult to
determine. For (a) it is 5*N—4, (for (b) it is 2{N/2 while for (c) it is
N*N. The fourth one (d) is not quite so easy to guess, it is (N*N — N
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+2)/2. Finally, the formula for the fifth one (e) is impossible to guess
unless you’ve seen it before, in fact it is:

4*INT (((0.5 + SQR(5) /2)IN — (0.5 — SQR(5) / 2)IN) / SQR(5)).

Here are some other formulae that you might like to try out.

1+(~DIN
N*(- DN
INT(SIN(N)*10)

Arithmetic sequences

An arithmetic sequence or arithmetic progression is a sequence in which
each term of the sequence is the sum of the preceding term and a con-
stant. Sequence (a) from the previous section is an example of an arith-
metic sequence. The general formula for an arithmetic sequence is given
by

A + (N-1)*D

where A is the first term of the sequence and D is the common difference.
Here are some further examples of arithmetic sequences.

5, 10, 15, 20, 25, 30, 35, 40, 45, 50 (A=5D=Y5)
1,15,2,2.5,3,3.5,4,45,5,55 (A=1,D=0.5)
0,2,4,6,8, 10, 12, 14, 16, 18 (A=0,D =2

The following program may help you analyse arithmetic sequences.
You enter the first term of the sequence, the common difference and the
number of terms required. Notice that a formula is not required since the
Commodore 64 does the calculation iteratively. In addition the program
adds up all the terms in the sequence and gives you the answer.

LA REM ARTTHMETIC SEQUENCES
A0 PRINT CHR#CL47) UARTTHMETTC SEGUENCES
OCHRE (L)

EDOFPRINT "THIS CREATES ARTTHMET IO SEGUERN
CES." CHR#EL7)

40 ITNFUT "FIRST TERM "sAsPFRINT

H@ OINFUT "COMMON DIFFERENCE "2DiPRINT

6B INFUT YNUMEBER OF TERMS "sNapPRINT

7O IF N1 OR NG =INT N THEN &0

80 REM THE SEQUENCE

P@ FRINT CHR#ECEH)  "THE SEQUENCE: "

100 TERM=fNy HLUM=@
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1@ FOR 1I=1 TO N
LE@ TF ES-FO8 G LEN CRTRE CTERM) ) THEN FR

LA FRINT TERMs @ JF LN THEN FRINT GHRE O

SLIM+ TERM s TERM=TERM+D

Sl

Lo FRINTsFRINT PRINT CHR$E CLED) 5 " THE  SUM
Is "y elm

L7@ FRINT 2 FRINT  CHRE CLE4)  "ANOTHER GOD Y
QO N

180 GET GHFs [F GEC-"y" AND G# "N THEN |

(&1

1@ TF Gy THEN RURN

LSOO FRINT CHRECL47)  "BYE FOR NOW" 5 END

READY .
Which would you prefer?

Suppose the publisher of this book offered you a job and then asked how
you would like to be paid: ‘“Which would you prefer? Start at £3000 per
six months with a rise of £120 after every 6 months or start at £6120 a year
with a rise of £240 after every year.”” The amount of money received each
year with either choice follows an arithmetic progression. But one choice
is far better than the other — the first choice. Can you see why? Look at
the following calculations:

First offer Second offer

First year (First 6 months £3000)
(Second 6 months £3120)

£6120 £6120
Second year (First 6 months £3240)
(Second 6 months) £3360)

£6600 £6360
Third year (First 6 months £3480)
(Second 6 months £3600)

£7080 £6600

You can see that if you were to stay at the job for more than one year
then the first offer is better. Notice that in the first offer the amount
received during the first 6 months each year increases by £240, and so the
annual increase in in fact £480. The annual salary for the first offer fits
into the arithmetic sequence with formula

6120 + (N —1)*480,
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while the second has the formula
6120 + (N—1)*240

Suppose you were given a third alternative: ‘‘Start with £1440 a quarter
with a rise of £60 at the end of every 3 months.’’ which offer would you
prefer now? Hopefully the answer should be clear to you. The calcula-
tion would go as follows:

Third offer

First year (First 3 months £1440)
(Second 3 months £1500)

(Third 3 months £1560)

(Fourth 3 months £1620)

£6120
Second year (First 3 months £1680)
(Second 3 months) £1740)
(Third 3 months) £1800)
(Fourth 3 months) £1860)
£7080

If you compare any 3 monthly period from year to year then the increase
is £240, but you get this every 3 months. Thus, with this new offer the
annual increase is £960.

Geometric sequences

Another common type of sequence is the geometric sequence or geome-
tric progression. In a geometric sequence the ratio proceeds with a con-
stant ratio, for instance

2, 6, 18, 54, 162

where every term (except the first) is three times the previous term. The
general formula for a geometric sequence is given by

A*RI(N-1)

where A is the first term and R is the common ratio.
Here are some further examples of geometric sequences.

4,2, 1, 0.5, 0.25, 0.125, 0.0625 (A=4R=0Y5)
2, —4,8, —16, 32, —64, 128 (A=2R= -2

The next program may help you analyse geometric sequences. You
enter the first term of the sequence, the common ratio and the number of
terms required. Notice that a formula is not required since the Commo-
dore 64 does the calculation iteratively. In addition the program adds up
all the terms in the sequence and gives you the answer.
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L@ REM GEOMETRIC SEQUENCGES
A@OPRINT CHRF CLA7) " GEOMETRIC SEQUENTES
TOGHRE (L7

SQOPRINT "THIS FROGRAM CREATES GECOMETRTC
BEMUENCES "

4@ TNFUT UFTRST O TERM s An PRINT

HAOTNFUT "COMMON RATIO "sRePRINT

WO INFUT  "NUMEER OF  TERMS s N FRINT

7@ OIF NG O NOXFINTONY THEN 6@

B3 REM THE SEGUENCE

D@ FRINT CHRE () "THE SEQUENCE: " CHEE (L7

O () CLEN CEBTRE CTERM) ) THEN FR

LA@ PRINT TERM: s IF LN THERN PRINT CHRSEC)

B2y a "

140 SUMsGUM-+S TERM s TEFRM:=T ERM*R

185@ NEXT 1

16D FRINTFRINT G FRINT CHEGE CL5S9) 0 " THE SUM
s 'y BUmM

L7@ FRINT: FRINT CHRE CLE4) , "ANOTHER GO Y
(F N

TEO GET GEx IF G 'Y AND GECR"NY THEN

21

19@ TF GE=UYY THEN RUN

200 FRINT CHREL47) "BYE FOR NOW"$END

READY .

Interest

On 1 January a woman puts £100 in a bank which gives 6% interest each
year (at the end of the year). To what amount will the woman’s £100
grow after 10 years in the bank?

After one year she will have

100 + 100 * 6/100
= 100 + 100 * 0.06
100 * 1.06

which is £106. At the end of two years she will have

100 * 1.06 + (100 * 1.06) * 0.06
= 100 * 1.06 * 1.06
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and you should be able to observe that after 10 years she will have
100 * 1.06110.

The total amount at the end of each year forms a geometric sequence
as shown below.

100 * 1.06, 100 * 1.0612, 100 * 1.0613, 100 * 1.0614,
100 * 1.0615, 100 * 1.0676, 100 * 1.0617, 100 * 1.0618,
100 * 1.0619, 100 * 1.06710

More generally, if you start with an amount A and receive interest [%
per annum then after N years your original amount has grown to the
following amount.

A* (1 + I/100)]N

Daily interest

If £1000 is deposited in a savings bank paying 6% interest at the end of
each year then at the end of one year the total will become

1000 * 1.06

assuming that no further deposits or withdrawals are made. If, on the
other hand, the bank paid interest every 6 months (and paid interest on
the interest given, ie compounded the interest) then the total at the end of
the year would be

1000 * (1.03)12.

More generally, if the bank paid 6% interest compounded N times a
year then at the end of one year the £1000 would grow to the following
amount.

1000 * (1 + 0.06/N)IN

The table below illustrates the different amounts depending on how
often interest is compounded.

N 6% compounded Total at end of year
(to nearest penny)
1 yearly £1060.00
2 semiannually £1060.90
4 quarterly £1061.36
6 bimonthly £1061.52
12 monthly £1061.68
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52 weekly £1061.80
365 daily £1061.83
8760 hourly £1061.84

The above table was prepared with the Commodore 64 using the
following simple program.

10 REM COMPOUND INTEREST VIA FORMULA

20 PRINT “ENTER NUMBER OF TIMES INTEREST IS TO BE
COMPOUNDED”’

30 INPUT ““NUMBER’’;N : IF N< > INT(N) THEN 30

40 T = 1000 * (1 + 0.06/N)IN : ? INT(T*100)/100

50 ?,“ANOTHER GO? Y OR N”’

60 GET GS$:IF G$<> “Y”’ AND G$< > ““N”’ THEN 60

70 IF G$ = ““Y”’ THEN RUN

You could make some additions and alterations to allow for other
interest rates. Changes and additions in the next listing are marked by an
asterisk at the beginning of a line.

10 REM COMPOUND INTEREST VIA FORMULA -
VARIABLE INTEREST

*15 INPUT “INTEREST RATE ;I: IF I< =0 OR I> =100
THEN 15

20 PRINT “ENTER NUMBER OF TIMES INTEREST IS TO BE
COMPOUNDED”’

30 INPUT ‘““NUMBER’’;N : IF N< > INT(N) OR N< 1 THEN 30
*35 IF N>20000 THEN PRINT “WARNING * ANSWER MAY
BE INACCURATE”

*40 T = 1000 * (1 + 1/100/N)IN : ? INT(T*100)/100

50 ?,“ANOTHER GO? Y OR N”’

60 GET G$:IF G$<> Y’ AND G$ <> “N”’ THEN 60

70 IF G$=‘“Y”’ THEN RUN

Line 35 has been included because of inaccuracies that arise as a
consequence of the large numbers involved.

Double or quit

Some people believe that you need never lose when gambling.

To illustrate this look at the following gambling game: ‘‘A fair coin is
tossed, meanwhile you place your bet. If the coin shows a head then you
get your money back plus an equivalent amount.”’

To show that you need never lose the argument goes as follows. Start
by betting £1. If you win, quit. If you lose, play again with a stake of £2.
Each time you lose, double your stake and play again. Stop as soon as
you win and you will be in pocket.
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Suppose for example that you lose the first four times and win on the
fifth. The table below illustrates what happens.

Stake Loss Win

First toss £1 £1
Second toss £2 £2
Third toss £4 £4
Fourth toss £8 £8
Fifth toss £16 £16
TOTAL £15 £16

NET GAIN = £1

The sequence that arises is a geometric sequence. Do you believe the
argument over why you would never lose?

Fibonacci sequences
At the beginning of this chapter we had the following sequence.

(e) 4, 4, 8, 12, 20, 32, 52, 84, 136, 220
which is given by the following formula
4*INT (((0.5 + SQR(5)/2)IN — (0.5 — SQR(5)/2)IN) / SQR(5)).

Rather than use this formula there is a more obvious way of creating
the sequence. Every term except the first two is the sum of the two
previous ones.

4+4=28

4+8=12

8 + 12 = 20,
and so on.

Sequences of numbers created in this way are called Fibonacci
sequences. It was in 1202 that Leonard of Pisa, nicknamed Fibonacci,
observed such a sequence of numbers associated with the breeding of
rabbits.

Here are two other Fibonacci sequences:

2,5,7,12,19, 31, 50
3,5,8,13,21, 34,55

The next program will produce Fibonacci sequences ad nauseum.
OOREM FIBONACCL SECUENCES
DO OFRINT CHRE (147 " FIBONACCT SEQUENCES
"OCHRECLT)
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A FRINT "THIS FROGRAM CREATES FIRONACEOIT
BECUENCES

49 FRINT "TYFE INM TWO INTEGERS., SEFOROTE

DRy & COMMAL " CHRE L7

SO COTNFUT "NUMEBERS "sU Vi FRINT

GO TF L HINT LD OR Va3 INT (V) THEN FRINT
PINTEGERS FLEASE" 1G0T %@

7@ INEUT "HOW MANY TERMS DO YOW WANT "IN
FPRINT

B@OTF NGL O NG EINT (N THEN 70

20 REM THE SECGUENCE

1@ FRINT CHRE (5)  "THE FIBONACCT SEMUENC

HERE CLT)

1@ F T TCO N

oL/ 3OS () CLEN (STRE (L)) THEN FRINT

5@ FRINT Wse IF TON THEN PRINT CHRE (15%7)

[T
“ N

150 NEXT 1

160 FRINTEFRINT: FRINT CHRE (154) " ANOTHER
GO? Y OR N

170 GET Gk IF GEC"Y" AND GEc"N" THEN 1
70

180 IF GEs=ty" THEN RUN

190 FRINT CHRECL47) "BYE FOR NOW":END

READY .

Here is an exercise that you may like to do. Use your Commodore 64
and write a short program.

‘“Write down any two integers. Form the Fibonacci sequence by
adding pairs of terms to form a third term. Find the ratio of each term in
the sequence with the one immediately before it. What happens to this
ratio as the number of terms gets large? Work out the value of 0.5 +
SQR(5)/2.”
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CHAPTER 6
Number Bases

We usually record numbers using the decimal system of notation. For
instance 1432, which we call one thousand four hundred and thirty two,
stands for the more awkward expression

1*10° + 4*102 + 3*10 + 2.

We can rewrite this in a slightly more awkward way:
1*10° + 4*10% + 3*10' + 2*10°

since 10' = 10, and 10° = 1. In other words, the number 1432 is inter-
preted as a sum of multiples of powers of 10. The integers 1, 4, 3, and 2
are called the digits of the number with 1 being the thousands digit, 4 the
hundreds digit, 3 the tens digit and 2 the units digit. Technically we refer
to this representation of the number as its decimal representation and say
that the number is expressed to the base of 10. The word decimal comes
from the Latin decem, ten.

The decimal system has a base of 10. But bases other than 10 can be
used. Using different bases to interpret numbers is both interesting and
useful. For example, numbers represented in base 2 have proved to be
extremely important in computers and computer related activities.

Any integer greater than 1 can be used as a base, and any number can
be expressed in any base. Furthermore, it is easy for your Commodore 64
to convert a number expressed in one base into another base.

Let N stand for any positive integer, and let B be an integer greater
than 1. To express the number N to the base B we need to write N in the
following way:

N=X>*B" + X__*B™' + ... + X*B + X,

where each of the numbers X, X, ..., X are integers between 0 and
B —1. (See what happens if you substitute 10 for B.) The digits X, X,
etc, are called the coefficients of the number N to base B.

Small values of B, the base, give long representations of the numbers.
But they have the advantage of requiring fewer choices for the coeffi-
cients. The extreme case occurs when B = 2. The resulting system is

65



Mathematics on the Commodore 64

called the binary number system (from the Latin binarius, two). When a
number is written in the binary system only the integers O and 1 can
appear as coefficients. For example

8 =64 + 16 + 4 + 2
= 1%26 4+ 0%25 + 1*2% + 0*23 + 1*22 + 1*2 4+ 0

Thus the number 86 expressed in binary form is 1010110. Binary
numbers are used by computers because they are represented as strings of
zeros and ones. The reason is that 0 and 1 can be easily expressed in a
computer by a switch being either off or on.

For bases larger than 10 we need some extra symbols. The obvious
symbols to use are the letters of the alphabet A, B, C, etc. A common
base that is used is 16. A number expressed in the base 16 is called
hexa-decimal. The advantage of this base is that it requires few coeffi-
cients to express a number and yet hexa-decimal numbers are easily con-
verted to binary numbers.

To convert a number from base 10 to base B is quite straightforward.
Suppose we want to convert the number N from base 10 to base B. First
subtract all multiples of B from N.

M =INT(N/B): R =N-B*M
Record the remainder and call it R;,. Now repeat the process with M by
setting N = M. Call the new remainder R,. Continue in this way until the

value of M reaches 0. Suppose that Ry is the last remainder we find, then
the original number N to base B is

R,...RRR,

Let’s go through a specific example. Suppose we want to convert the
number 29 to base 3. The calculation proceeds as follows.

Step 1.
N =29
M = INT(29/3)
=9
R, =29 - 3%9
=2
Step 2.
N =M
=9
M = INT(9/3)
=3
R, =9 — 3*3
=0
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Step 3.

I
b—awz

Z z
[

NT(3/3)

— 3*1

~
M
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S W o=

Step 4.

z
o
<

<
[

= INT(1/3)

b O

R, =

- 3*0

The process stops after four steps when M reaches 0. The value of 29 to
base 3 is 1002.

The next program converts integers from one base to another base.
For example you could convert numbers in base 10 to base 16. For bases
greater than 10 the letters A, B, C, etc are used to represent the numbers
10, 11, 12, etc.

1@ REM BASE CONVERTER

2@ FRINT CHRECL47) " BASBE CONVERTER'" (M

R <17

SO FRINT "THIS PROGRAM CONVERTS INTEGERS
FROM ONE BABE TO ANOTHER. " CHRE (L7)

4@ INFUT "ENTER BASE TO CONVERT FROM"3A:

FRINT CHRECLT7) 4

4% Aa=E4ene TF A LD THEN AA=47+0

SO OTF A 0RO ARES OROCINT (M) Cxa THEN FRIN

T "SILLY - TRY AGATIN":GOTO 4@

@ INFUT "ENTER NUMBER T0 BE CONVERTED":

Nt FERINT CHR$E (L7) 8

7@ REM CHECKE N# I8 OF THE RIGHT FORM

BOTF Ng="" THEN PRINTUNOT A NUMEBER" 5 (GO

TG 6@

@ Le=LEN (NE) @ D=0

100 Isl+1 e N=AGCMIDE (NF, L. 1))

1@ LF NC48 QR OONEEST AND N6 O Neas T

HEN FRINT,"NOT A NUMBER" :GOTO 60

120 TF Tl THEN 100

12d REM 8TORE N# IN ARRKRAY

a4 DIM A

L@ FOR D= T Los N=ABCMIDE (N#, L1 ) [F
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NZHE THEN A D) =N-48

126 IF Nxé&4 THEN A D) sN-8%

127 NEXT

150 REM CONVERT NUMBER FROM BASE A& TO Ba
BE 10

L&B N=VaL. (N$)

170 IF A1 THEN N=@:FOR I=L TO L:N=ACl
) +N®ALNEXT

180 FRINT "DECIMAL FORM OF NUMBER" N CHR
#C17)

190 INFUT "ENTER BASE TO CONVERT TO": kb
RINT CHR$ECL7) 3

200 IF B2 OR BXEE OR OINT (B < >B THEN FRI
NT "8SIlLY - TRY AGAIN":GOTO 190

2190 REM CONVERT N TO BAGE R

220 Ngmn

23O M=INT(N/E) ¢ Re=N-EeM s NeM

240 IF R41O THEN NE=CHRE (48+R) +N#$

2@ IF RF9 THEN N#E=CHRE (GE5+R) +N#

R6A IF N THEN 230

A70 FRINT "NUMEBEER T0O BASE" B "I8 " N& CH
RECLT)

280 FPRINT, "ANOTHER G077 Y OR N

290 GET GEr IF GECFY" AND GEC N THEM 2
&4

IO IF GE="Y'" THEN RUN

10 PRINT CHR#(147) “"RBYE FOR NOW":END

READY .

64 numbers

A number between 0 and 255 can be represented as a binary number

using at most 8 coefficients. For example

255 = 1%27 4 1%26 + 1%25 + 1%2% 4+ 1*20 + 1*22 + 1*2 + 1
128 = 1*27 + 0%26 + 0*25 + 0*2% + 0*2% + 1*22 + 0*2 + 0

These 8 coefficients, or 8 bits on a computer is called a byte. The
Commodore 64 stores integers using two bytes called the high and low
bytes. The high byte represents multiples of 256. For example the
number 999 would be stored with high byte 3 and low byte 231 since 999
= 3*256 + 231. Storing numbers using bytes is the same as storing

numbers to the base of 256.
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You can see how the 64 stores the high and low byte of an integer by
PEEKing. Recall that Integer variables on the Commodore 64 are
specified by the percent (%) sign after a variable name. Type the
following, pressing return at the end of each line.

NEW : CLR

X% = 999 (type any integer here)

PRINT “HIGH BYTE=" PEEK(2053), “LOW BYTE="
PEEK(2054)

The largest integer that the Commodore 64 can store is.32767 which
equals 127*256 + 255. Numbers with a high byte of 128 or larger are
negative numbers. Indeed negative numbers are stored by first looking at
the ABSolute value of the number, calculating the high and low order
bytes and then subtracting the value of the high byte from 255 and the
low byte from 256. Thus, for example, — 1 would have a high byte of 255
and a low byte of 255.

The following shows you how to calculate a number from the high and
low order byte. Let H be the high order byte and L the low order byte.

NUMBER = H*256 + L
IF H> = 128 THEN NUMBER = —({255—-H)*256 +
(256 L))

The last line is equivalent to the following line.
IF H> = 128 THEN NUMBER = H*256 + L — 256*256

Try POKEing numbers into locations 2053 and 2054, then get the 64 to
PRINT X% and compare the answers. For example try typing the
following, pressing return at the end of each line.

NEW : CLR : X% = 0

POKE 2053,98 : POKE 2054,99 (replace 98 and 99)
N = PEEK(2053)*256 + PEEK(2054)

IF PEEK(2053) > = 128 THEN N = N — 256*256
PRINT X% ,N

Small numbers

The program in the section before the last one works on positive whole
numbers. Any number, integral or non-integral, has a representation in
any base. For example the decimal number 0.25 expressed in binary takes
the form 0.01, while the decimal number 0.125 is 0.001 in binary. To see
this first let’s see what we mean by the decimal number 0.25. This
number represents two-tenths and five-hundredths, that is

0.25 = 2/10 + 5/100
= 2¥10-! + 5*10-2.
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To express it to the base B means writing it in the form

Y*B-'+ Y *B-2 + ...
where as usual B-! = 1/B, B-2 = 1/B?, etc.

The decimal numbers 0.25 and 0.125 may be written in the following
way:

0.25 = 1/4
= 0%2-! + 1%2-2
0.125 = 1/8

= 0%21 4 0%2-2 4 [%2°3

which explains the binary form of these numbers.
As another example look at the number 0.6 expressed in terms of
negative) powers of 2.

0.6 = 1¥2°1 + 0%2-2 + 0*2-3 + 1%2-*
+ 1¥275 4 0%26 4 0%2-7 + 1%2-¢
+1¥279 4 Q%2710 4 0¥2-1 4 [#2-12
+1%271 4 02714 4 0%2-15 4 ¥2-16
+ ...

In fact we need infinitely many terms to express 0.6 accurately in binary
form which takes the form

0.10011001100110011001100110011001 . . .

The Commodore 64 only stores 32 of these digits starting with the first
non-zero one, in addition it rounds up if the thirty-third significant digit
is non-zero. Thus the 64 stores 0.6 as

0.10011001100110011001100110011010

in binary form.

The next program displays the binary form, as stored by the
Commodore 64, of a decimal number between 0 and 1.
L ORER DECIMAL T BINARY
BEOFRINT CHRE V47 "DECTMAL 10 BINARY" ©
HERE CL7)
EGOPRINT THIS FROGRAM FRINTS THE  ELINARY
FORM QF ANUMEER "y
4@ FPRINT "EETWEEN @ @ND L. CHRE L7
SO N=@s INFUT "TYRE TN YOUR NUMEBER "N
TN
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6@ TF Nu=@ R Ne=l THEN FRINT "BETWEEN @
AND 1 PP GOTO 50

7@ Ng=@, M

80 FOR I=1 TO X2

DO NeN® D s NE=NESMIDE CSTRE CINT (N ) i d) 2 N
N TNT (N)

100 NEXT X

14@ FRINT "THE BINARY FORM OF YOUR NUMBE
FooTgs" CHRECLT7)

120 PRINT N# CHRECL7)

13@ FPRINTOANOTHER GO Y QR N

140 GET GF: IF GECHUY" AND GHF "N THEN |
¢

1E@ TF GE="Y" THEN PRINT:GOTD S0

160 FRINT CHRE(147) "BYE FOR NOW" 3 END

READY .

Floating points

Integers in the Commodore 64 are stored using 2 bytes. But numbers are
stored using 5 bytes, even if the number itself is an integer. Unless you
declare your number to be an integer by using the percent sign it will be
stored as a real number using 5 bytes. A number can be expressed in
binary form in the following way:

1.X,X,X,. .. X, *2N

where X, X,, ..., X are either 0 or 1, and N is an integer (positive,
negative or zero). The integer N is called the binary exponent of the
number, the other part is called the binary mantissa. For instance
decimal 10 is binary 1010 which may be rewritten as

1.01 * 23

so that 10 has binary exponent 3 and binary mantissa 1.01. As another
example look at decimal 0.375 which is binary 0.011 and so may be
written as

1.1*2-2

and so decimal 0.375 has binary exponent —2 and binary mantissa 1.1
We have said that the 64 uses 5 bytes to store its numbers. The first
byte is the binary exponent plus 129. The remaining four bytes give the
binary mantissa and the sign of the number. Since the first term in the
binary mantissa is always 1 we do not need to store it —
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we simply store all the digits to the right of the decimal place in the
binary mantissa. The first bit of byte 2 stores the sign of the number, the
remaining 31 bits in the last four bytes store the binary mantissa
(ignoring the leading 1).

For example, decimal 10 would be stored as follows: The first byte is
129 plus the binary exponent 3, which totals 132. The first bit of the
second byte would be 0 since the number is positive. The remaining 31
bits would be

010000000000000000000000000000

since the binary mantissa of 10 is 1.01 and we ignore the leading 1. Thus
the 32 bits for the last four bytes would be

0010000000000000000000000000000

which, when broken into four groups of 8, give
00100000 00000000 00000000 00000000

which in turn are 32, 0, 0, 0. Thus the 5 bytes used to store the
decimal 10 would be 132, 32, 0, 0, 0.

We can reverse the process and find the number that the 64 is holding
in 5 bytes. Suppose that a number N is stored with the five bytes P, Q, R,
S, T. The following program lines calculate N from P, Q, R, S and T.

X=1:IFQ>=128THENQ = Q—-128:X = —1
N = X*ZP—]Z9*(1 + Q*2—7 + R*2—15 + S*2—23 + T*2—3I)

To actually see the 64 in action type the following lines, pressing return
at the end of each line.

NEW : CLR

X =10 (type whatever number you like here)

FOR I=0 TO 4 : PRINT “BYTE”’ I+1 “="" PEEK(2053+1) :
NEXT I

In fact if you do this then you’ll find that the Commodore 64 has some
minor errors in the way it performs multiplication. The number 1 + 2-24
is stored (correctly) with the following 5 bytes

129, 0, 0, 0, 128

However, the same number written as 1*(1 + 2-24) is stored with the
following S bytes

129, 0,0, 0, 64
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In other words, according to the Commodore 64
1*(1 +21-24) =1+ 21-25

Another way of displaying the same problem is as follows:
X=1+2-24
PRINT X - X, X — 1*X

Alternatively, try the following
X=1+21-24

X1 = 1*X
X2 = 1*X1
X3 = 1*X2
X4 = 1*X3

PRINT X,X1,X2,X3,X4

Problems of this nature appear not to occur if the middle 3 bytes of the
5 bytes used to store the number are not all 0. See what examples you can
find.
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CHAPTER 7
Days and Weeks

Days
Zeller’s congruence is a complicated looking formula that calculates the
day of the week (Sunday, Monday, etc) for any given date. Using this
formula you could, for example, find out on which day of the week a
person was born. And, if your memory is bad, you could find out on
what day of the week a certain anniversary occurred.

The following is Zeller’s formula:

A = INTQ2.6*M - 0.1) + D + Y + INT(Y/4) + INT(C/4)
-2*C
X = A - T*INT(A/7)
The number X is a number between 0 and 6, because all multiples of 7
smaller than A have been subtracted from A. These numbers represent
the 7 days of the week as follows:

0 : Sunday,

1 : Monday,

2 : Tuesday,

3 : Wednesday,
4 : Thursday,
S : Friday,

6 : Saturday.

The numbers D, M, Y and C are defined as follows:

D : the day of the month.

M : the number of the month — but not the standard number.
January and February are numbers 11 and 12 of the preceding year
(affecting Y and possibly C described below). March is number 1,
April is 2, May is 3, ..., and December is number 10.

Y : the year in the century.

C : the number of hundreds in the year, in other words, the first two
digits in the year number.

For instance, if the date is 26th August 1983 then the standard way of
expressing this is 26/08/1983. For Zeller’s formula we use D = 26,
M=6,Y =83and C = 19.
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Substituting these values into Zeller’s formula gives:

A = INT(2.6*6 — 0.1) + 26 + 83 + INT(83/4) + INT(19/4)
- 2*19
= INT(15.6 — 0.1) + 26 + 83 + INT(20.75) + INT(4.75) — 38
=15+26+83+20+4-38
=110

and

Y = 110 — 7*INT(110/7)
= 110 — 7*INT(15.714285)
=110 — 105
=35.

Thus we conclude that the day of the week of 26th August 1983 is Friday.
Here are some examples showing the standard date format and the
values that Zeller’s formula uses.

STANDARD NOTATION  ZELLER’S FORMULA NOTATION

D M C Y
03/03/1947 3 1 19 47
01/01/2000 1 11 19 99
26/02/1983 26 12 19 82
29/11/1984 29 9 19 84

The next program uses Zeller’s formula to calculate the day of the week
for any specified date. Your Commodore 64 will automatically calculate
the correct values of D, M, C and Y required from any date you input.
Observe that the program makes a few checks to ensure that the date
entered makes sense. Thus, for instance, 30th February 1983 will not be
accepted. In addition the year entered must be an integer in the range 1752
to 4902. Zeller’s formula applies in the range 1582 to 4902, but the
Gregorian calendar has been used in Britain, the British Colonies and the
USA only since 1752.

Leap years are automatically taken care of in the program. Note that a
year is a leap year if the year number is exactly divisible by 4, unless it is
divisible by 100 but not divisible by 400. Thus 1900 was not a leap year but
2000 will be a leap year.

1 REM Day OF WEEk
HOODIM ALY WAECLE s FOR T=1 TO LEsREAD A
CIY WA CTD) s NEXT T

AQOFOR T=@ TO GsREAD BE D) s NEXT |

A FRINT CHREL47) DY OF WEERY CHIK
L7
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S0 FRINT "THIS PROGRAM CALCULATES THE DA
Y OOF THE"

60 FRINT “WEEK FOR ANY DATE SPECIFIED, "
CHRE (17)

70 FRINT “TYFE IN THE DATE:" CHR#(17)

80 A (D) =29:D=@: INFUT "DAY, 1 TO %1 : "D
s FRINT

9@ IF Dol OR De%1 OR D<>INT(D) THEN FRIN
T UTRY ABATN":GOTO B8O

100 M=@: INFUT "MONTH, 1 TO 12 s "iM:PRIN
]

110 IF Mol OR M312 OR M<>INT (M) THEN PRI
NT."TRY AGAIN":BOTO 100

120 IF DxAM) THEN FRINT "NOT ENOUGH DAY
S IN MONTH, TRY AGAIN":GOTO 60

130 Y=@: INFUT "YEAR, IN FULL @ ":YsPRINT
140 IF Y<1582 OR Y>4902 THEN FRINT,"NOT
IN RANGE":BOTO 130

150 IF Y<RINT(Y) THEN FRINT,"NOT A YEAR,
TRY AGAIN":GOTO 130

160 REM CHECE FOR LEAF YEOR

170 L=@:IF INT(Y/4) b=y THEN L=-1

180 IF L. AND INT(Y/10@) *1Q@=Y THEN L=@:I

FOINT(Y/400) %400=Y THEN L=-1

190 A(2)=28-L: IF L THEN PRINT "THIS 15 A
LEAF YEAR" CHRE (17)

200 IF M=2 AND D3>A(2) THEN FRINT "28 DAY
& IN FEBRUARY":GOTO 80

210 FRINT DiAE(M)tY:"IS/WAB A "3

220 REM CHANGE FORMAT OF INFUT DETAILS
DEQG M=M-2p IF M1 THEN MsM+12:YsY-1

250 REM ZELLER'S CONGRUENCE

260 DAY=INT (2. 6%¥M-@. 1) +D+Y+INT (C/4) +INT(
Y/4) =20

70 DAY=DAY-7%INT (DAY/7) s FRINT B& (DAY) +"
DAY" CHR# (17)

280 FRINT."ANOTHER GO? Y OR N"

290 GET GFy IF GFCX"Y" AND G#I:"N" THEN 2
k4"

200 IF GE="Y" THEN PRINT:GOTO 70

10 PRINT CHR#(147) "BYE FOR NOW":END
400 REM DATA
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410 DATA ELLJIANUARY LR, FEBRUARY 31 MARGH
v @ AFRTL

420 DATA Z1 . MAY 3@, JUNE EL, JULY CEL L ALGELIS
T

450 DATA 0. BEFTEMEBER ., 21,00 TOBER 20 . NOVE
MBER .51, DECEMEBER

440 DATA SUN,MON. TUES WEDNES , THURS , FIRT , 8
ATUR

READY .

Note: You may have come across Zeller’s formula before and possibly
noticed that the formula used here is slightly different. Often the first term
INT(2.6*M — 0.1) is written as INT(2.6*M — 0.2) instead. This latter
form is not used here because of the way the Commodore calculates the
INTegral part of numbers. Try M = 7, then

INT(2.6*7 — 0.2) = INT(18.2 - 0.2)
INT(18)
=18

However, the Commodore 64 returns the value of INT(2.6*7 — 0.2) as 17,
even though if you ask it to print 2.6*7 — 0.2 it prints 18 correctly.

Calendar

Once we know the day of the week of any date we can produce a calendar.
The next program prints a calendar for any month in any year. (Only one
month can be displayed reasonably on the screen.) The program calculates
the day on which the first day of that month occurs by using Zeller’s
formula. The remaining days are then printed out. As in the Day of the
Week program, leap years are automatically taken care of.

1@ REM GCALENDAR
BOODIM AL WAF LD s FOR I=1 TO 12:READ A
(1) W AECL) s NEXT )

EQOREM THE START
40 FRINT GHR#147) " CALENDAR"  CHRE
(17)

S0 FRINT "THIS FROGRAM FRINTS A CALENDAR
FOR ANY"

60 FRINT "MONTH OF ANY YEAR SFECIFIED."
CHR#E (17)

7@ FRINT "TYFE IN THE MONTH AND YEAR 2"
CHR$ECL7)
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B0 M=@r INFUT "MONTH, 1 TO L& ¥ “sMrPRINT

9@ TF ML OR M@ OR MaFINT M) THEN FRIN

TWUTRY AGATN":GOTO B8O

10@ Y=@1 INFUT "YEAR, IN FULL » "sYsFRINT
L@ TF YL 788 OR Y4902 THEN FRINT."NOT
IN RANGE" » GOTO 100

120 TF Y4 XINT () THEN FRINT . "NOT & YEAR.
TRY AGATIN"2GOTO 10w

1LA@ REM CHECK FOR LEAF YEAR

14@ L=@: IF INTY/4) %b4m=yY THEN L]

LE@ TF L AND INT Y /7100 %1 =Yy THEN L=@3 ]
FOINT Y /Z7400) *400=Y THEN Lm=-1

L6@ oG =28l IF L. THEN FRINT "THIS I8 A
LEAF YEAR'" CHREL7)

170 Mgy (M) +STRE (Y 8 MM=A (M)

200 REM CHANGE FORMAT OF INFUT DETATLS
Al@ MMy TF MOl THEN MsM4L2e YY)

A2@ Cm=INTY/Z10@) 2 Y=Y -~Cx ]l Q0

2E0 REM ZELLER S CONGRUENCE

240 DAY=TINT (G, bxM-@. L)+ L4+ TNT (C/4) +LNT (
Y/ 4 R

25 DAY=DAY 7% INT (DAY /7)

26D REM FRINT CALENDAR

A7@ FRINT CHRE CL47) 2 FREINT g FORE 2
28O FRINT TOAB(QEO~LEN(AE) 72) CHR# O
CHRF C17)

DA FRINT CHRE C28) v GBUN - MON  TUE WE
DOTHU FRI BAT tOCHRE G

Q@ FOR T=1 TO MM

H1@ DAY=DAY ]

O FRINT TARMDAY*E-24+ (1 29)) I

FE DAY 6 THEN DAY=@: FRINTS FRINT

MEXT I

FRINT s FRINT: FRINT

FRINT  CHERE (5) " ANQTHER GOP Y OR N

CHERE CR1)

H7@GET G TR GHECRY"Y OAND GEC RN THEMN X
70

A8 IF GF="Y" THEN FRINT:GOTO 70

A0 FRINT CHREC(L47) "BYE FOR NOW'" 2 END

400 REM DATA

1) AE

o 2@y AFRTL
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A2 DATA 51 MAY B GTUNE R JULY R AUGLES
1
AL DATA S0 . HEFT
MEEFC 5L DECE

EMEEFR L OCTORER 5@, NOVE

READY .

Date management

Occasionally there is a need to provide a listing of dates that are a specified
number of days apart. For instance, treatment days at a hospital, and pay
days.

To produce such a listing we use the ‘pseudo-Julian’ date. This date is
simply the number of days since some fixed date. (In fact the First of
January of the year 1 has a pseudo-Julian date of 1). A relatively simple
formula converts the real date to the pseudo-Julian date and vice-versa.

If the dateis D/M/Y where D is the day, M the month number and Y the
year (including the century) then the pseudo-Julian date is calculated as
follows:

X = INT(30.57*M) + INT(365.25*Y — 395.25) + D
IFM > 2and Y is a leap year then subtract 1 from X.
If M> 2 and Y is not a leap year then subtract 2 from X.

For example, let’s calculate the pseudo-Julian date of 26th August 1983.
The values of D, M and Y are given by D = 26, M = 8, Y = 1983.
Substituting these values into the formula gives the following:

X = INT(30.57*8) + INT(365.25*1983 — 395.25) + 26
= INT(244.56) + INT(723895.5) + 26
= 244 + 723895 + 26
= 724165

However, since the month number M is greater than 2 and 1983 is not aleap
year we subtract 2 from X to give a pseudo-Julian date of 724163.

To calculate the date from the pseudo-Julian date proceed as follows,
where X is the pseudo-Julian date.

The first approximation to the year is given by:
Y = INT(X/365.26) + 1

the day within the year is given by:

D = X — INT(365.25*Y — 395.25)

A leap year adjustment is made:

D1 = 2,ifitis aleap year then D1 = 1

If D> 91 -Dl1 thenadd D1toD

80



Chapter 7 Days and Weeks

Calculate the month and day:

M = INT(D/30.57)

D = D — INT(30.57*M)

Adjust month and year if necessary:
IfM> 12thensetMtolandaddltoY.

For example, let’s calculate the date corresponding to a pseudo-Julian
date of 724164 (this is 1 higher than the pseudo-Julian date that we cal-
culated earlier on). The calculations are as follows:

Y = INT(724164/365.26) + 1
= INT(1982.5987) + 1
= 1983

D = 724164 — INT(365.25*1983 — 395.25)
= 724164 — INT(724290.75 — 395.25)
= 724164 — INT(723895.5)
= 269

The year 1983 is not a leap year so that D1 is 2. The value of D is greater
than 91 — D1 and so we add D1 to D. Thus the value of D is now given by

D = 271

M = INT(271/30.57)
= INT(8.86490023)
=38

D = 271 — INT(30.57*8)
= 271 — INT(244.56)
=271 — 244
=27

The value of M is not greater than 12 and so we are finished, with values
of D =27,M = 8and Y = 1983. Thus the date corresponding to the
pseudo-Julian date of 724164 is 27th August 1983.

The next program performs all the above sort of calculations quickly
and provides a listing of dates that are a specified number of days apart.
For convenience the program only works for dates in the 20th century. You
should be able to make any changes necessary for another century quite
easily.

Warning. Dates are entered in the form DD/MM/YY, for example 12th
March 1984 would be entered as 12/03/84 or 12/ 3/84 but not as 12/3/84.
Not too many checks have been made for the date entered, and you could,
for instance, enter 30/02/83. The program would think of this date as 2nd
March 1983 (can you see why?).
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1O REM DATE MANAGEMENT

20 FORE SEZBL, 78 PFRINT CHRE (L47) , CHERE C28)
O DATE MANMGEMENT" CHRECL7)

AQ FRINT CHR# CEL)Y "THIS FROGRAM FROVIDES
THE LISTING OF"

40 FRINT "DATES THAT ARE & SFECTFIED NUM

RER QF"

HEOFRINT "DAYS AFART. " CHRECL7)

60 REM ENTER START DATE

7@ FRINT "TYFE TN DATE A8 DD/MM/YY, E.G.
LE5/7@a/784 "

BE Gy INFLUT "ENTER START DATE: @@

FRINT

FOOTF OLEN(SE) 28 THEN FRINT, "IN THE FOQRM
DO/AMM/YY" 2 GOTO 8@

1A TF MIDEESE 00 OR MIDE(SBF b 1)
'“/“ THFN FRINI"“UbL DD/MM/YY"'GUTN 8o

4))'Y VﬁL(M[D#(S% /,4;:+1wmw

120 IF DO=0 OR Dx31 OR Ma=@ OR M:12 THEN
FRINT,"DAY., MONTH ERROR":GOTO S0

130 REM DATE FORM I8 NOW IN REASONMAELY ©
ORRECT FORM

14@ REM CALCULATE THE FPSEUDO-JUL. TAN DAY
130 X=INT CEQLE7%M) +TNT CE6E . 25RY 90, W) +

D

160 REM ADJUST FOR LEAF YEAR

170 IF M2 THEN X=X-2:IF INT(Y/4)%4=Y TH

EENG X X,

180 REM ENTER INTERVAL OF DAYES

19@ FRINT "ENTER INTERVAL IN DAYS BETWEE

N DATES. "

200 F=@: INFUT “INTFRVQL : AP R PRINT

210 IF P<=0 OR INTFY P THEN PRINT,"TYF

E A NUMBER": GOTO 200

220 PRINT "NUMERER OF TIMES INTERVAL REGQU
ITRED. "

S50 N=@: TNFUT "NUMEER & "3N:PRINT

240 IF INTON) <N THEN FRINT."A WHOLE NUM

BER":GOTO 2730

2% TF NuU=@ R NXLQ@ THEN FRINT., "BE REGSS

ONARLE": GOTO 230

260 FRINT CHR# (26) ¢ REM COLCUR FOR FRIN
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TING DATES

270 FOR I=0 TO N

20 Y=INT(X/365.26)+] 1 REM YEAR
DX~ ENT CH5 , D5 KY - 595, 285)

REM LEAF YEAR ADJUSTMENT
Dimgs IF INT(Y/4) %4mY THEN Dil=1
IF Dr91i-D1 THEN D=D+D]

M= ENT (D/50.57) ¢ REM MONTH
D=D-INT (BQ.57%M) 5 KEM DAY

IF Me1R THEN Msls Yay+]
Yoy - 19O

KEM OUTEUT TO DISFLAY

2=D1 GOSUE SO0 DimZg+" /"

Z=M3 BOSUE S00: DE=DE+ZE+" /"

=Y GOSUR SO0 DE=DE+2E

FRINT D#. 3

s XmX4+F 1 REM INTERVAL ADDED
NE X T

D OFEINT: FRINT: FRINT  CHR# (5) " ANQ THER
Y OR N CHRE (513

GET G#: [F GHEC:'Y" AND GE< "N THEN 4

2 gz 3IX 3x T2 3z EF 33 =X g T x3 T3

IF G$="Y" THEN FRINT:RUN

FRINT CHR$(147) "BYE FOR NOW" @ END

REM FORMAT SUBKOUT INE

H10 Z=MIDE (BTRE (2) . 2) 3 IF LEN(Z$) <2 THEN
Lm0+ 1%

520 RETURN

READY .
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CHAPTER 8
Greatest Common Divisor

If A and B are integers (whole numbers) then a common divisor (or
common factor) of A and B is an integer which divides both numbers.
And, the greatest common divisor (or highest common factor) of A and
B is the largest such integer.

For instance, 3 is a common divisor of 12 and 18. But 6 is the greatest
common divisor of 12 and 18.

Calculating the greatest common divisor of two numbers is not
particularly. complicated. Especially for a computer. The method
employed serves as a good illustration of a computational algorithm.

The Euclidean algorithm is the most well-known and oldest (third
century B.C.) method of computing the greatest common divisor. If you
want to find the greatest common divisor of A and B then the procedure
is as follows.

1. Rename A and B (if necessary) so that A is greater than B.
2. Divide A by B and find the remainder R,.

R, = A — B*INT(A/B)

Notice that every number that divides A and B also divides R,. And,
conversely, every common divisor of B and R, is also a divisor of A. It
follows that the common divisors of A and B are the same as those of B
and R,. Thus the greatest common divisor of A and B equals the greatest
common divisor of B and R,.

3. Now divide B by R, and find the remainder R,.
R, = B — R, *INT(B/R))
The remarks made above between the numbers B, R, also apply to R,

R,. Thus the greatest common divisor of A and B equals the greatest
common divisor of R, and R,.

4. Next, divide R, by R, to get a remainder R,.
R, = R, - R, *INT(R,/R))
The process is continued in this manner until the remainder is zero.

Notice that the remainders are decreasing on each occasion and so
reaches zero after a certain number of steps.
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R, = A — B*INT(A/B) (0 <= R<B)
R, = B — R, *INT(B/R,) (0 <= R<R,))
R, = R, - R,* INT(R,/R,) (0 <= R<R,)

R, = Ry_; = Ry, *INT(R_,/R_)) (0<=R_< R,_,)
Ry =R _, = Ry *INT(Ry_/Ry_) Ry =0

When the remainder reaches 0 we see that the previous remainder R
the greatest common divisor of Ry _,and Ry _,. Arguing in this way we sce
that R _, is the greatest common divisor of A and B.

The process outlined above is easily computerised. A program doing this
is given below.

L@OREM GREATEST COMMON DIVISOR
2QOFPRINT CHR$EC(L47) v GREATEST GOM
MON DIVISOR" CHEE L)
HOFRINT "THIS FROGRAM CALCULATES THE Gk
ETEST
4@ FRINT "COMMON DIVIGOR OF TWE  TNTEGERS
UEBING THEEUCLIDEAN ALGORTTHM. " CHEE (L7
SEOPRINT "ENTER THE TWO INTEGERS. " CHEE
17
GO INFUT " FIRST INTEGER "sasFRINT
7@ LF AL OFROINT (A) 2 A THEN PRINT "TRY A
GAINL "2 GOTO 60
B INFUT "SECQOND  INTI
9@ TF Bl OROTNT (RO 2
GBAIN. "2 GOTO 80
T@@ TF Aaf THEN Comdys fmpty B
@ REM THE EUCL ITDEAN AL Lr:[..lhl"l"lwll"l
L@ Femfy e Gy
LE@ TR INT (R/85)
140 1TF T4 THEN R=8: 6=Ts G070 150
TE@ FRINT UTHE GREATEST COMMOM DIVIGOR |
Ga e FRINT . CHEGE CLSE) 5 By CHRE (17)
A FRINT CHRELS4)  "THE LE T COMMON MU
WE TSy FRINT , W CHEE (LS8 s ARE/ 6
170 FRINT: PFRINT CHRE CLE4A) , "ANOTHER GO Y
OR N
180 GET GEs IF GFCH"YY AND G N THEN L

S B FRINT
THEN FRINT "TRY @

A

190 IF GE="vy" THEN RUN
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DO FRINT CHRECL47) "RYE FOR NOW" s END
REMADY .

The program also calculates the least common multiple of A and B. The
least common multiple of two numbers A and B is the smallest number
which is divisible by both A and B. The value of the least common multiple
of A and B is given by

A*B/(greatest common divisor)
If the greatest common divisor of A and B is D then it is possible to write
D as a combination of A and B:
D = S*A + T*B
where S and T are integers. The values of S and T can be found by working

backwards with the Euclidean algorithm. Modify the greatest common
divisor program so that it also.computes S and T.
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CHAPTER 9
Primes

A prime number is an integer (greater than 1) that is not divisible by any
positive integer other than 1 and itself (of course, by divisibility we mean
exact divisibility). The numbers 2, 3, 5, 7 and 11 are prime, but 4, 6, 8, 9
and 10 are not. Non-prime numbers are called composite.

There is no general formula for prime numbers, but Euclid showed (in
about 300 B.C.) that there are infinitely many primes. We also know that
primes occur less frequently among large numbers.

The testing of primes is of considerable interest. Attention has arisen
recently because of cryptography.

A simple and straightforward method of determining if a number N is
prime is called the Sieve of Erastosthenes. (Erastosthenes of Cyrene was
a Greek mathematician, 276-196 B.C., who also calculated the
circumference of the Earth.) The idea is to write down all the integers
from 1 to N. Then leave 2 and strike out all even numbers after 2. The
next number after 2 which has not been struck out is prime. This is 3.
Now strike out every third number after 3. The next number left after 3 is
5 which must be prime. Now strike out every fifth number after S. This
process is continued. What remains are the primes between 1 and N.

The table below shows the result of a sieve on the numbers up to 100.
The multiples of 2 are crossed out by /, the multiples of 3 by —, 5 by \
and 7 by |.

2 3 ¥ s # 1 g 9 X
11 # 13 W ¥ K 17 3 19 N
4 22 23 24 2 26 2+ X 29 e
31 ¥ 33 4 K 36 37 38 39 N
41 M 43 44 A 46 47 4 4 3Q
S+ 52 53 54 5SS 5+ S8 59 P&
61 67 63 64 65 #6 61 68 69
71 3% 73 M 3 K T O 19 M
8+ $7 83 ¢ B 56 &7 B8 89 &
91 92 93> 94 95 % 97 98 99 Peq

The following program uses the sieve of Erastosthenes to produce a list
of prime numbers less than some given number N. This number is
INPUT at the start.
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1@ REM STEVE OF ERASTOSTHENES

20 FPRINT CHRECL47) " STEVE OF ERA
STOSTHENES" CHR#(17)

EQ FRINT “"THIS FROGRAM WILL CALCULATE TH

B FRIME"

4@ FRINT "NUMBERS WUFTO SOME GLVEN NUMEER
CHRECLT)

SO OINFUT "UF T WHAT NUMBER s NePFRINT

60 TF No4 OR CINTONY <N OR NXLESAAA THEN B

RINT "BE REASONARLE. " GOTOD 50

7@ DIM AL NI s FRINT CHRE LEE)  "FRIMES FIRO
MR TO"sNsFRINT

80 FOR I=2 TO N

YO IF AR =1 THEN 17350

100 IF 39RO @) CLENSBTRE (1)) THEN FRINT
11@ FRINT 1

120 FOR J=1 TO N STEF §TsA4 Q) =1 NEXT

1750 NEXT: FRINT

140 FRINT:FRINT CHR®E LS4 ANOTHER GOY Y
(R N

1850 GET G IF GFCX"Y" AND GECxN" THEN 1
e

16@ TF GEs="Y'" THEN RKRUN

17@ FRINT CHREC(147) "BYE FOR NOW"sEND

READY .

Note that for large numbers the program starts off slowly; but soon
starts printing primes very fast. It takes about 7 minutes and 21 seconds to

print the primes between 2 and 15000.

The sieve of Erastosthenes is conceptually easy. It is useful if you want a
list of prime numbers. But it is not a very practical method of testing

whether a number is prime.

A simple way to check if a number N is prime is to check whether it is
divisible by the numbers smaller than N, step by step. The following
program illustrates this method. A clock is included to indicate how long it

takes to test the number for primality.

1@ REM PRIMES VERSTON 1

2@ FRINT CHR%(147) INEFFICIENT PRIME
TESTER VERSION 1" CHRECL7)

A@OCINFUT "NUMBER TO BE TESTED "sNrPRINT
4@ IF NU4 OR N<ZINTOND THEN FRINT O "RE RE
ABONABLE " GOTO 2@
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HO AF=""2 TIE="QOOVNO0" s X=N-~1

H FOR I=2 TO X

7@ TN/ T IF O INTCT) = T THEN Af=UNOT " L=
X

B0 MEXT

G@ FRINT “THE NUMBER 18 " A% "PRIME."
100 FRINT:FRINT "TIME TAKEN TO TEST NUME
ERY e INTCTL/760+0, %) "SECONDS"

OR N©
120 GET G IF GFC1Y" AND G "N THEN |
20

130 [F G#E= YY" THEN KUN

140 PRINT CHR$(147) "BYE FOR NOW"sEND

READY .

The program works but it really is inefficient and slow. For instance to
test the primality of 9001 takes about 113 seconds. A little thought will
produce enormous benefits.

For a start we needn’t bother using all the numbers between 2 and N. We
need only use the numbers between 2 and INT(SQR(N)). Becauseif Misan
integer which divides N and is greater than INT(SQR(N)) then N/M is an
integer that divides N and is smaller than INT(SQR(N)). This simple
addition is included in version two below.

1@ REM PRIMES VERSION 2

20 FRINT CHRE(147) INEFFTICTENT FRIME
TESTER VERSION 2" CHR#(17)

S0 INFUT "NUMBER TO BE TESTED "sN:PFRINT

49 IF Nu4 OR NaFINT (N THEN PRINT "BE RE
ASONABLE" 1 GAOTO 30

GO Ag="e T IE="000000" s X=86R (N)

6@ FOR I=2 TO X

7@ Te=N/LoIF O INTOT) = T THEN A%="NOT "il=
X

83 NEXT

9O FRINT "THE NUMBER I8 " Af "PRIME."
100 FRINT:FRINT "TIME TAKEN TO TEST NUME

ER"s INT(TL/60+0.5) "SECONDS"

110 FRINT:FRINT CHR# (154) , "ANOTHER GO? Y
ORrR N" ‘

120 GET G#F: IF GFEC"Y" AND G >"N" THEN 1

:::
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13@ IF GE="Y" THEN RUN
140 FRINT CHR#(147) “"BEYE FOR NOW" s END

REMDY .

This version works considerably faster. Testing the number 9001 now
takes just over 1 second. A larger number, such as 987654323 takes about
387 seconds to test. Don’t attempt to test such a large number with version
1 — unless you enjoy looking mindlessly at your television screen.

Remark. The addition incorporated in Prime Version 2 could also be
incorporated in the program Erastosthenes to produce Erastosthenes 2.
With this addition it takes 6 minutes and 21 seconds to print out the primes
from 2 to 15000.

10 REM SIEVE OF ERASTOSTHENES @ WITH ADD
ITTIONS

2@ FRINT CHR# (147 STEVE QOF ER
SBTOBTHENES" CHRE (17)

S@ OPRINT "THIS FROGRAM WILL CALCULATE TH
EFRIME"

40 FRINT "NUMBERS UPTO SOME GTVEN NUMEBER
CHRE LT

SEOOINFUT "UR TO WHAT NUMBER "3 NaFPRINT

GO IF Na4 OROINT N <N OR N*1LS000 THEN
RINT "BE REABONARLE. "2 GOTO SO

7@ DIM AL s FRINT CHRE CLEE)  "PRIMES FRO
M2 TO"sNsFRINT: S=INT (8GR (M) +1)

8@ FOR T=2 T0O N

PO IF A% =1 THEN 1350

100 ITF E9-FOS (@) CLEN(STRE (1)) THEN FRINT
110 FRINT I

120 IF T<=8 THEN FOR J=I T0O N STEF LsA%(
JY =1 e NEXT

150 NEXT:FRINT

1480 PRINT:FRINT CHR$S CLE4) , "ANOTHER GO Y
OR N

18O GET GF: IF GFCx"Y" AND G x"N" THEN
bs]

160 IF GE="Y" THEN RLN

170 PRINT CHR#£C(L47) "RBYE FOR NOW" 3 END

READY .

We can further improve the program Primes Version 2 by taking a tip
from the sieve of Erastosthenes. We can miss out all even numbers bigger
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than 2 and miss out every third number after 3. These suggestions have
been added to the third version of the program.

19 REM PRIMES VERSGION X

2@ FRINT CHR#(147) ,"FRIME TESTER VERSION
SOCHRECLT)

@O INFUT "NUMBER T BE TESTED "sNiFRINT
4@ TF Nt4 OR NCEINT N THEN FRINT "BE RE

ASONABLE" s GOTO 50
50 AF="": TIE=" Q000" s X=GOR (N)

SECTF OINTINZZ) = NM/Z2 THEN Af="NOT ":GOTO
&4
S5 OTIF O INTIN/ZE)Y = N/ZZ THEN Af="NOT " GOTO

41|
H@ FOR JT=% TO X STERF 6
T T=N/Ly IR O INT(OT) = 7
X
7EH TN/ CL+2) o IF OINTOTY = T THEN A%s="NOT
"y X
B8O NEXT
Q0 FRINT "THE NUMEBER §S " A% "FRIME."
100 FRINT:FRINT "TIME TAKEN TO TEST NUME
ER"s INTATI/60+0.5) "SECONDS"
110 FRINTSFRINT CHR# (1%54) ,"ANOTHER GO7Y? Y
Or NY
LAW GET G IF GEa YY" AND G RN THEN 1
ped|
130 IF G#F="Y'" THEN RLN
140 FRINT CHRE(147) "BYE FOR NOW" s EMD

THEN A%="NQT " l=

RERADY.

This speeds up the program a little. Testing the prime 987654323 now
takes about 133 seconds which is quite reasonable.

A composite number may be written as a product of prime numbers. For
instance

6=3%2
24 =3%2*2%*2
81018001 = 9001 * 9001

and so on. The various primes that occur are called the factors of the
number. By adding a few extra lines to version 3 we can have all the factors
of a number displayed.

The next program prints out the factors of a number.
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1@ REM FRIME FACTORS

20 GOTO 70 ¢ REM NEXT BIT IS SUEBROUTTME

FOR FACTORS

BO OYs=N/TIF E8-POS (@) CLENETRECY) ) THEN

FRINT

40 FRINT YeoaN=Te Te=N/ZY: TF T=INT CT) THEN A

(]

HO S=GOR (W) 1 RETURN

68 REM THE MAIN FART

7@ PRINT CHR& CL47) (OHRE CL54) " FRIME F

ACTORS" CHFE L7

8O INFUT "NUMBER TO BE TESTED "sNsFRINT

9@ IF N«4 OR NOHINTONY THEN FPRINT "BE RE

ASONARLE" : GOTEO 60

100 FRINT CHFE (S5) " THE FACTORS OF " sNg " Al

EY CHRECL7)

110 TI#="000000" =+ X=GER (N) 1 SmX-+1

1A T=N/Zy TF O INTOT) = T THEN GOSUR @
PE@ T=N%s IF O INTOT) = T THEN GOSUE 30
140 FOR I=8 TO X STEF &

LE@ T=N/T2IF INTOT) = T THEN GOSLE 59
1HQ T=N/ T+ s IF INT T = T THEN GOSUER 3

"}

7@ TF 1Tx8 THEN [=X

180 NEXT

190 IF 38~-F0S (@) < LEN(STRE (N> ) THEN FRINT

200 TF NXL O THEN PRINT N

21Q FRINT: FRINT: FRINT CHRE CLEE8)  "THAT &

AL

220 PRINT:FRINT "TIME TO FIND FACTORS WA
By INT(TI/Z60+@, %) "SECONDS"

AEO FRINT:FRINT CHRE CL54) , "AONOTHER 607 Y
R N

240 GET GHa IF G ="Y" AND G HUNT THEN 2
40

SH@ TF GE="Y" THEN RKRUN

260 FRINT CHRECL47) "RYE FORC NCOW' » END

READY .

If you enter a very large number into the program then the Commodore
64 will round off the number and find the factors of that number.
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Large primes

Finding large prime numbers is a pastime for some. The largest known
primes are usually Mersenne primes. Numbers of the form

2P -1

are called Mersenne numbers because of the French monk, Father Marin
Mersennes who made some suggestions concerning the primality of such
numbers.

Many early writers believed that the Mersenne numbers are prime if the
exponent M is prime. For the first few cases this is indeed true.

22-1=3
2-1=7
2 -1=31
2"—-1=127

But for P = 11 the number is not prime.

21 —1 =2047 =23*89

For at least the last 100 years the world’s largest known prime has always
been a Mersenne prime (except for a short period in 1951). Prior to January
1983, the largest known prime was

244497 -1

a Mersenne prime discovered by David Slowinski in April 1979. This was
the 27th Mersenne prime known. In about January 1983 Slowinski found
the much larger prime

286243 __ 1

which is a Mersenne prime containing 25962 decimal digits. (It would fill
several pages of this book to write out the number completely.) The
computer that Slowinski used was a Cray — 1. This is an amazingly fast
machine, even so it took 1 hour 36 minutes and 22 seconds of computer
time to perform the test.

An arbitrary number of the size of 2286243 — ] would be impossible to test
for primality using any of the programs in the previous section. But there
are special techniques for Mersenne numbers. These were developed
during the last 100 years. To test a number of the form N = 2P — 1 for
primality one defines a sequence as follows:
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U, = 4
U, = U*U, — N¥INT((U,*U, - 2)/N)

U, , = U,_*U,_,-2-N*INT((U,_,*U,_,~2)/N)

Then N is prime if and only if U__, = 0. This means that in order to test
for N being prime we need to perform approximately P simple
calculations. Performing 86243 operations would be quite simple for the
Commodore 64 if the numbers involved were small. But here one is dealing
with numbers that have 86243 binary digits and the Commodore 64 stores
32 binary digits. There are methods available to get around this problem
but we won’t go into the details here. See the next chapter.

Probabilistic primality testing

Given unlimited time we could test for the primality of an integer by trial
division. But time is limited, even for a computer.

In the last few years a new test has been devised which is based on an old
theorem of Pierre Fermat who lived during the 17th century. Fermat
showed that if P is a prime number and B is some other number between 1
and P — 1thenthe number BP-! — 1isdivisible by P. For instance, let P =
11and B = 2then2!'-! — 1is 1023 which is indeed divisible by 11.

Although Fermat proved his theorem for all values of B, the Chinese
mathematician Pomerance (5th Century B.C.) knew the theorem in the
case B = 2. Inaddition he believed, incorrectly, that the converse is true. In
other words he believed that if 2P-! — 1 is divisible by P then P is a prime
number. However the number 341 divides 2** — 1 and 341 is not prime. We
call such a number a pseudoprime to the base 2. In general a composite
number P that divides BP-! — 1is called a pseudoprime to the base B. Most
numbers that appear to be pseudoprimes are in fact genuine primes. And
this is what the test is based on.

1@ REM FROBABILISTIC FRIMALITY TEST

A0 FRINT CHRECLA47) CHRE (154) FRCTR
ARBRAL ITSTIC FRIMALITY TEST" CHRE(L7)
H@OINFUT O "NUMBER TO BE TESTED "3M

A0 TF NS4 QR N EINT (N THEN FRINT “"BE RE
ABONAELE" s FRINT GOTO 30

wEOREM FACTOR Ned = (2™T) %X

7@ De=X/@0 TFOINT D) =D THEN TaTa ] s XDy GOTO
7@
B REM SELECT BASBE B
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9@ E=RND (~T1) s B=INT (RND (1) % (N=35, Q@@1) +

@)

100 FRINT:PRINT CHRS$ (5) "TEST USING HASE
"y B CHRE(17)

110 REM RAISE B TO FOWER X

120 P

130 IF X=0 THEN 170

14@ D=X/231F DCRINT (D) THEN FafosEs PampoN
INT (F/N)

150 EemBeE s B=E-Ne INT (B/N) s X=INT (D) 1 BOTO 4

50

160 REM CHECH B°X

170 IF F=1 OR PsN-1 THEN 200

180 IF T<2 THEN FRINT "NUMBER I8 NOT PRI
ME" s GOTO 2%@

190 Fspxis PspoNkINT (F/N) s TsT=18GOTO 170
200 PRINT "NUMBER 18 FROBABLY FRIME" CHR

£(17)

210 PRINT CHRE(158) "DO YO WANT TO TEST
THE NUMBEER AGAIN"

220 FPRINT "WITH ANOTHER BASE? Y OR N"
230 GET G#:IF G$<3"Y" AND G#:»"N" THEN 2
50

240 IF GE="Y" THEN 60

250 PRINT: PRINT CHRE (154) , "ANOTHER GO?
OR N

260 GET GF: IF GH3"Y" AND G#:x"N" THEN 2
60

270 IF GE="Y" THEN RUN

2680 FRINT CHRE(147) "BYE FOR NOW":END

"

<

g

READY .

Try numbers such as 341 and 561, neither of which are prime. If you find
that they are a pseudoprime to some base then try another base.

Note. The program is fast but doesn’t work very well with large numbers
because of rounding off in the multiplications involved.
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CHAPTER 10
Odds and Ends

Pythagorean triplets

Recall the theorem of Pythagoras which has already been mentioned in
this book. It states that in a right angled triangle with sides X, Y and Z,
where Z is the hypotenuse (the longest side), the following relation holds.

X2+ Y2=122

The classic example that is readily recalled is the 3, 4, 5 right triangle.
¥+ 4 =35

Another example is the 5, 12, 13 right triangle.
52 + 122 = 132

Of course there are infinitely many different examples of right angled
triangles. But, how many examples are there in which X, Y and Z are
integers? The answer is that there are infinitely many. Such numbers X,
Y and Z are called Pythagorean triplets.

How can we produce a list of some Pythagorean triplets? Naturally
such a list should not contain triplets that are products of another. For
instance, since 3, 4, 5 is a Pythagorean triplet so is 6, 8, 10. Pythagorean
triplets which have no common factor are called primitive. Thus 3, 4, 5 is
a primitive pythagorean triplet while 6, 8, 10 is not primitive.

Producing Pythagorean triplets could be time consuming were it not
for some mathematicians who managed to produce an elegant method of
generating primitive Pythagorean triplets. The technique is as follows.

1. Choose two positive integers A and B so that:

(a) A is greater than B.

(b) A + Bis odd (thus one of the numbers is odd and the other
is even)

(c) A and B have no common divisor except 1.
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2. Calculate

X = A? - B?
Y = 2*A*B
Z = A? + B

The numbers X, Y, Z are a primitive Pythagorean triplet. Conversely,
any primite Pythagorean triplet can be formed in this way. This
technique is used in the program Pythagorean Triplets to produce a list
of pythagorean triplets. The process starts with A = 2. The program
then finds all possible values of B satisfying the required conditions. The
value of A is increased and the process repeated. Twenty triplets are
printed out at a time. You may continue for as long as you like. The
starting value of A may be changed if desired.

10 REM FYTHAGOREAN TRIFLETS

20 FRINT CHR#(147) . CHRE (154)  "FYTHAGOREA

N TRIFLETS" CHRE(17)

30 FRINT "THIS FROGRAM PRINTS OUT SOME F

RIMITIVE"

40 PRINT "FYTHAGDREAN TRIFLETS." CHR# (17
)

S0 PRINT,"  PRESS Y TO START":k=@:Aml B

60 GET GF:IF GFL3"Y" THEN 60

70 FRINT CHRE(L47) (CHRE (154) "FYTHABOREA

N TRIFLETS" CHR#(17)

80 PRINT "COUNT %% X %% %% Y *% %
Z wwn CHRE (156)

9@ B=B-2i1F Bol THEN A=A+l B=A-1

100 Al=A: Bk

110 N=INT (AL/BL) s AR=AL~N*E1

1200 1F AR< >0 THEN Al=El:Bl=A2:G0TO 110
130 IF Bldx1 THEN 90

140 kmbir L FRINT K ARAERE  2ARE , A%A-+E*E
150 IF INT (K/20) < /20 THEN 90

160 PRINT:FRINT CHR# (154) " CONTINUE? VY
OR N"y

170 GET G#:IF GE3Y" AND G#<3"N" THEN 1

70

180 IF GE="Y" THEN 70

190 FRINT CHRE(147) "BYE FOR NOW":END

READY «
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Multi-precision powers

The Commodore 64 keeps numbers with 9 significant digits accurately.
Thus integers less than 999,999,999 are stored accurately. Larger
numbers are rounded off. How can we calculate large powers of
numbers accurately? For instance, what is 2 to the power 130? The
answer is to use multi-precision arithmetic.

One way to produce multi-precision arithmetic is to store the digits of
a number in an array M(I). With M(0) storing the last 4 digits, M(1)
storing the previous 4 and so on. Thus 987654 would be stored as:

M(1) = 98, M(0) = 7654

The original number is recovered by converting the array elements into
strings and printing each in turn. Of course, it may also be recovered by
the formula:

M = M(1)*10* + M(0)

Suppose that we want to multiply M = 987654 by N = 23456. First we
would write these numbers into arrays M(I) and N(I).

M(1) = 98, M(0) = 7654
N(1) = 2, N(0) = 3456

Now form the following
C(0) = M(0)*N(0)

C(1) = M(1)*N(0) + M(0)*N(1)
C(2) = M(1)*N(1)

The result becomes:

C(0) = 26452224
C(1) = 353996
C(2) = 196

We then calculate the product M*N by the following

196*108 + 353996*10* + 26452224
= 19600000000 + 3539960000 + 26452224
23166412224

Of course the calculation is not done as shown above — the Commodore
64 would simply round off the numbers. What we do is strip
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off the digits from the left of C(0) so that only 4 are left. We add the
digits stripped off to C(1).

C(0) — 2224
C(1) = 353996 + 2645 = 356641

Next, strip off the digits from the left of C(1) so that only 4 are left. Add
the digits stripped off to C(2).

C(1) — 6641
C(2) = 196 + 35 = 231

We therefore obtain the following:
C(2) = 231, C(1) = 6641, C(0) = 2224

from which we read immediately that
987654*%23456 = 23166412224

This process is quite general. For other larger numbers there may be a
value for the array element M(2), M(3) etc. In such a situation we would
form the following.

C(0) = M(0)*N(0)

C(1) = M(1)*N(0) + M(0)*N(1)

C(2) = M(Q)*N(@0) + M(1)*N(1) + M(0)*N(2)

etc.
After this the stripping process is performed when finally the answer can
be printed out.

The program Multi-Precision Powers illustrates how the process just
described may be used to calculate accurately powers of numbers. The
program continues until a 40 digit number is reached. If desired you can
have even higher degrees of accuracy by changing the value of X in line
80. The value of X + 1 times 4 is the degree of precision.

1@ REM MULTI-FRECISTON FOWERS

A0 PRINT CHREL47) JOHRE CLE4S)  "MULT T -FREC

ITSLTON POWERS'" CHER$ (L7)

A@OPRINT "THIS FROGRAM FRINTS QUT FOWERS
OF  ANY

A0 PRINT "INTEGER ACCURATE TO 4@ DIGITS.

YOOHRE (L)

H5@ FRINT "ENTER NUMBER WHOSE FOWERS ORE

REGLITRED. "

HQ TNFUT "NUMEBER "sNsFRINT

70 TF NuZ OR NX9@ewee OR NOXINT N TH

EN FRINT "ERROR ~ TRY AGATN"sGOTO 6@
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B8O T=10000: X=91 YuX+2eDIM MOX) JNOXD) WL (Y2
Bl e NCED) =N M (@) =N

B REM CHANGE X FOR OTHER DEGREES OF FRE
C1E1TOM

99 FOR I=@ T0 2

1A TF M) ws=T THEN Gs=INT MDD /TYeM O] =M
CIY =T e M L1 ) =M CL+1) +0)

1@ NCDY =MD

LRD NEXT

LE@ FPRINT CHFE (147) "MULTI-FREGCISION FOW
ERE COF'"y Ny CHRE (L)

1 A@ ek

180 FOR T=0 TO Yol (X)=@sNEXT

16@ FOR J=@ T0 2:FOR I=@ T X

L7@ L CLed ) sl (I +N O %M )

1680 NEXT:NEXT

190 FOR T=@ TO XeNCDy=L (1) s NEXT

200 FOR I=@ TO X

ALATF ONCD) peT THEN G=INTNCED /ZT)sNCE) =N
COY =T aNCLAL ) N4 1 ) +0

220 NEXT

A5 FOR I=@ TO X

240 TF NI =@ THEN =]

250 NEXT

26@ FRINT CHRE CLSO4) s Ny " ks CHRE (LE5E)
270 FOR I=L. TO @ STEF -1

SO AE=MIDE (STREINCD ) &)

290 IF Il AND LEN(A%) x4 THEN Af="Q0"+A%
FEOTH 290

SO FRINT Afx o NEXT:FRINT

S1AIF (N *THNOX1) ) ®N =TT THEN 260
i@ TFOINT (R /Z71@) < xk/1@0 THEN 14@

AARQ FRINT:PRINT CHR#E (1854) " PRESS ¥ TO C

ONT INUE" 3

SAQ GET GE: IF GECHY" THEN 240

SHG GOTO 13

SO0 FRINTSPRINT CHR® (1E4) , "ANQTHER GO? Y
OF Ny

S7@ GET G IF GE2"YY AND GFECHUN" THEN 3
70

80 IF GF="Y" THEN RUN

MPA FRINT CHRE(L47) "RYE FOR NCOW"rEND

READY.
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CHAPTER 11
Matrices

Matrices are rectangular arrays of numbers, the position and value of
each number being important. A matrix is usually, but not always,
shown in brackets thus:

2 -3 6
-4 4 5

The size of a matrix is given by the number of rows and columns. We
say that a matrix is an M by N matrix if it has M rows and N columns.
Thus the example above is a 2 by 3 matrix. Here are some examples of
matrices

8 12 0

1 1 8 A 3 by 3 matrix

8§ 12 1

9 12

0 1 A 3 by 2 matrix

8§ -2

9 12 .
l; 2} A 2 by 2 matrix

If the number of rows in a matrix equals the number of columns in the
matrix then we say that it is a square matrix.

Matrices are a useful concept for holding information in a concise
way. For instance, suppose that you have calculated the amount spent in
your household on three types of fuel each quarter during a year. You
could display the information in a tables as follows:

Quarter |  Gas Electric Solid fuel
1 30 28 5
2 27 19 4
3 25 15 0
4 32 27 3
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The data can be stored in a 4 by 3 matrix.

30 28 5
27 19 4
25 15 0
1-32 27 3

You can store matrices in your Commodore 64 by using two- dimen-
sional arrays such as A(I,J). For instance, the matrix of fuel expenditure
could be stored by making the following assignments.

A(1,1) = 30 A(1,2) = 28 A(1,3) =5
AQ,1) = 27 AQ2,2) = 19 AQ2,3) = 4
A(3,1) = 25 AG3,2) =15 A(3,3) =0
A4, = 32 A@4,2) =27 A43) =3

The information would, of course, be entered in by using READ
statements.

FOR I=1TO 4:FOR J=1 TO 3:READ A(1,J):NEXT:NEXT
DATA 30,28,5,27,19,4,25,15,0,32,27,3

The following short program illustrates the data being read in and then
displayed.

10 PRINT CHR$(147)

20 FOR I=1TO4:FOR J=1 TO 3:READ A(1,J):NEXT:NEXT
30 FORI=1TO 4

40 FOR J=1 TO 3:PRINT A(I,J);:NEXT

50 PRINT

60 NEXT

100 DATA 30,28,5,27,19,4,25,15,0,32,27,3

Note that to use the memory space of the Commodore 64 more effi-
ciently we should have started the I and J counters at 0 instead of 1 since
arrays begin at 0. However, conceptually the above is easier.

Also note that if the number of rows or columns in a matrix exceeds 10
then a DIM statement is required by the Commodore 64.

Adding matrices

Two matrices may be added together provided that they are of the same
size. In other words two matrices may be added together provided that
they both have the same number of rows and the same number of
columns. This addition is performed term-by-term of the corresponding
terms in the corresponding positions. For example

15 4 2 0 5
[—23 1}*[3 2 1}
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Why add matrices?

An example of the expenditure on fuel for the four quarters of a year was
given earlier on. Suppose that during the next year the corresponding
matrix is as follows:

3 27 4

30 20 3
20 16 1
35 29 5§

By adding the two matrices together we can obtain the amount spent on
the three fuels during a particular quarter in the two years. The result is
the following matrix:

64 55 9
57 39 7
45 31 1
67 56 8

Your Commodore 64 can add matrices, or two-dimensional arrays
quite easily. Suppose that we have two arrays A(I,J) and B(I,J) where in
each case I ranges from 1 to 4 and J ranges from 1 to 3. Addition of these
two arrays will produce a third array C(1,J) in the following way:

FORI=1TO 4:FOR J=1TO 3
C(,)) = A(,J) + B(@J)
NEXT:NEXT

Subtraction of matrices uses the same rules as additions of matrices.

Matrix multiplication

Matrix multiplication is a quite subtle concept. In order that two
matrices may be multiplied it is required that the number of columns in
the first matrix is equal to the number of rows in the second matrix. Thus
a 4 by 3 matrix can be multiplied with a 3 by 2 matrix. But a 4 by 3 matrix
cannot be multiplied with a 2 by 3 matrix.

The product of an M by N matrix with an N by P matrix will be an M
by P matric. The actual process is best illustrated with an example, the
explanation being given afterwards. Suppose we want to multiply the
following matrices:
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2 -3 6 First matrix, a 2 by 3 matrix
! 4 5
-
9 12 Second matrix, a 3 by 2 matrix
0 1
8 -2

The number of columns in the first matrix equals the number of rows in
the second and so we may multiply the first by the second.

2 -36] , 9 1
-4 a5 0 1
g -2

2% + —3*0 + 6*8  2*12 + —3*1 +6*-2
—4%9 4 4%0 + S*B  —4*12 + 4*1 + 4*—2

66 9
4 -52

To perform the multiplication first look at each row of the first matrix
and each column of the second matrix. The number of elements in each
of these is the same. For each of these rows and columns we multiply the
first of each of these together, then the second, and so on then finally
add these products together. This produces a number for the product
matrix.

On your Commodore 64 you can form the product of the M by N
matrix A(I,J) with the N by P matrix B(I,J) in the following way. The
result is an M by P matrix C(1,J).

FORI=1TOM
FOR J=1TO P

CcJ) =0

FORK=1TON: C(J) = C(I,J) + A(K)*B(K,J) : NEXT
NEXT

NEXT

Note that if A and B are two matrices and if you can form the product
A*B then you may not be able to form the product B*A. Even if the
product B*A exists it is not necessarily equal to A*B. Find some simple
examples!

Why multiply matrices?
Lets’s look at our household fuel costs example once again. Recall the
original details.
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Quarter Gas Electric Solid fuel
1 30 28 5
2 27 19 4
3 25 15 0
4 32 27 3
Suppose that there have been two estimates of the likely increases in

the costs of these fuels.

Estimate 1  Estimate 2

Gas
Electric
Solid fuel

These incre

10% 5%
5% 10%
10% 10%

ases are given as decimals in the next table.

Estimate 1  Estimate 2

Gas
Electric
Solid fuel

0.1 0.05
0.05 0.1
0.1 0.1

How much extra would you have to pay for the three fuels during each
quarter? The answer depends on which estimate you use. The result may
be tabulated as shown in the next table.

Quarter Estimate 1 Estimate 2
1 30*.1 + 28*.05 + 5*.1 30*.05 + 28*.1 + 5*.1
2 27*%.1 + 19*%.05 + 4*.1 27*.05 + 19*%.1 + 4*.1
3 25*%.1 + 15%.05 + 0*.1  25*.05 + 15*.1 + 0*.1
4 32*.1 + 27*.05 + 3*.1 32*%.05 + 27*.1 + 3*.1

This evaluates to give the following table.

Quarter Estimate 1  Estimate 2
1 4.9 4.8
2 4.05 3.65
3 3.24 2.75
4 4.85 4.6

You have probably seen that the resulting matrix is the product of the
matrix of expenditure with the matrix of estimates. In other words it is
the following product of matrices.
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30 28 S 0.1 0.05
27 19 4| * 0.05 0.1
25 15 O 0.1 0.1
32 27 3

Zeros and ones

Matrices that consist of zeros alone are called zero matrices. Adding a
zero matrix to another matrix has no effect. Multiplying a matrix by a
zero matrix produces a zero matrix. For instance:

30 28 0 o

27 19| * 0 o

25 15

30*0 + 28*0 30*%0 + 28*0

= | 27*0 + 19*0 27*0 + 19*0
LZS*O + 15*0 25*%0 + 15*0

(=]

0
=10
0 o0

The product of two non-zero matrices can be zero. An example is

given below.
1 1 1 -1
1 1 -1 1

S S R L 1*—1 + 1*1
I IS C R L 1*—1 + 1%1

-0 ¢

A square matrix that has ones down the diagonal (top left to bottom
right) and zeros elsewhere is called an identity matrix. For example, both
of the following are identity matrices.

1 0o o0 1 0
0 1 0 0 1

0 0 1

A matrix multiplied by an identity matrix equals itself. In other words
the identity matrix behaves much like a 1 does in ordinary number multi-
plication. For example:
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—
30 28 1 0
27 19 *10 1
25 15
_30*1 + 28*0 30*%0 + 28*1

= | 27*1 + 19*0 27*0 + 19*1
25*1 + 15*0 25*%0 + 15*1

30 28

=27 19
25 15

Inverses of matrices

The inverse or reciprocal of a matrix, if it exists, has the same property as
that of the inverse of an ordinary number. The inverse of the number 4 is
0.25 and

4%0.25 =1, 0.25*4 =1

For a matrix A the inverse (if it exists) is denoted by A-! and

A*¥A-l =1, A-1*¥A =1

where I denotes an identity matrix.

Only square matrices can have inverses. In fact only certain square
matrices have inverses.

Several methods exist for finding an inverse of a square matrix. There
is a general step-by-step method well suited for your Commodore 64. It
consists of performing so-called row operations. Roughly speaking we
place an identity matrix next to the matrix whose inverse we want. The
row operations are performed on both matrices simultaneously until the
original is converted to an identity matrix. The matrix that was the
identity is now the inverse matrix.

A program that finds inverses of matrices is given later on. Meanwhile
the method is briefly described.

Suppose we want to find the inverse of the following matrix.

2 1
-2 4

Place the identity 2 by 2 matrix next to this matrix.

2 1) 1 0
2 4 0 1

We want the top left entry to be a 1 and so we divide the whole first row
by 2.
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— _\
1 05 05 0
-2 4 0 1

Next, we want the bottom left entry to be 0 and so we add twice the first
row to the second row.

1 05 05 0|
0 5 | 11

L
Now we want the bottom right entry (of the left matrix) to be 1. This is
achieved by dividing the second row by 5.

105 05 0 |
0 1 0.2 0.2

To make the left matrix the identity we subtract half of the second row
from the first.

10 04 0.1
0 1 02 02

The matrix on the rig_ht is the inverse of the matrix we started with. The
following calculation verifies this fact.

2 1 0.4 -0.1
-2 4| * 102 02

_ [2*.4 +1%2 21+ 1*.2}

—2%4 + 4*2 —2%—.1 + 4*.2

-]

The next program finds inverses of square matrices, that is, if an
inverse exists.

1@ REM ITNVERGES OF MATRICES

A0 PRINT CHRE C147) L CHRE CLE4) " INVERSES ©
FMATRICES" CGHR$ (17)

SO FRINT "THIS PROGRAM DETERMINES THE 1IN
VERSE OF AN N BY N MATRIX." CHR$(17)

4@ FRINT "ENTER THE SIZE OF THE SOUARE M
ATRIX. " CHRE (17)

G OINPUT "VALUE OF N "aNsPRINT

H@ TF N1 QR NEINT N THEN FRINT "NCONSE
NEE! ! TRY AGAIN. " GOTO S0

7@ FRINT "ENTER THE MATRIX TERM EY TERM.
"OOHRE L)

B@ DIM ANGNY JBINGND

@ REM READ IN MATRIX
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100 FOR YI=) TO N

11@ FRINT CHRE (159) ¢ " FROW" s T CHRE (154)
130 FOR J=1 TO N

LA@ FRINT "COLUMND 3 Js s INFUT ACT,d)

140 NEXTsFRINT s NEXT

150 REM CALCULATING

16@ FRINT CHRE (L47)  “THE MATRIX: " OHRE L
7)

7@ FOR Tl TO NsFOR Js=l TO NsFRINT AL,
JY s e NEXT FRINT s NEXT

180 FRINTFRINT "CALCULATING "

19@ FOR L=1 TC NaBL D) =1 NEXT

A0 X=@ GOSUR 200

@10 REM ENDING

220 FRINTsFRINT CHR$ CL54) , "ANOTHER GO Y
R NY

AED GET G IF G$C:"YY OAND G 2UNMY THEN 2
]

A4 TF GE="Y" THEN RUN

AEO PRINT CHRE(147) “"BYE FOR NOW" 3 END
Z00 REM CALCULATING

FL@ XX ly ZwXaFRINT "'y

HED IF A2 X)) =@ THEN Z=Z+ls IF Za=N THEN
el

HERQOIF ZaN O THEN FRINT: FRINT: FRINT "NEO O IN
VERSE s RETURN

HA4D IR ZawX THEN R=L/6 (2, X)) s TmXykmZy GOSL
B %500

IHAOIF A XD a Ll THEN Rl /(X X)) s =X (G08S
LB S50

E6@ FOR I=1 TO N

70 IF I=X THEN T=I+lsIF IxN THEN 590
EZE8Q TF AT, X0 THEN RemefCL, X)) 8 kimXy GOSL

B OSOQ

E9@ NEXT

400 TF XN THEN 310

410 PRINTsFRINT:FRINT "THE INVERSE: " CHR

(17

42@ FOR T=1 TO Na3FQOR J=1 TO NePFRINT BT,
JY s NEXTaFRINTSNEXT

4720 RETURN

500 REM ROW OFERATION ADD R TIMES ROW kK

T ROW I

510 FOR J=1 TO N
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R E (k0

HED ONEXT

H4Q RETURM

LU0 REM ROW OFERATTON MULTIFLY ROW I BY
¢

SHM O FOR J=10TO N

w7@ ACLL ) RN CL ) s B L, Ty mReE DL

SE@ NEXT

HOW RETURN

READY .

Simultaneous equations
Matrices are useful in solving simultaneous equations. An example of 2
simultaneous equations in 2 unknowns is given below.

X + 1*Y =7

S*X + 2*Y =9

This is written in matrix form as follows.

3 1 X 7

S 2 Y 9

One way to solve the problem is to find the inverse of the 2 by 2 matrix
on the left and then multiply the above equation by this inverse. In the
example the inverse is given by the following matrix.

2 -1
-5 3

We therefore obtain the following equations.

X
Y
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2*7—-1*9
—5*%7+3*%9

[

Thus X = Sand Y = -8 solves the simultaneous equations.

The next program Simultaneous Equations essentially goes through
this process to solve a set of N simultaneous equations in N unknowns. In
fact the process is to write the set of simultaneous equations into two
matrices A(I,J) and B(I). The example given earlier on would be written
as follows.

HEIY

Row operations are then performed until the matrix on the left becomes
the identity matrix. When this is achieved the matrix on the right
becomes the solution to the set of simultaneous equations.

LOOREM SIMULTANEQUS EGUATTONS

A8 FRINT CHRECLA7) L CHRE (154) " SEMULTANEQ

WS EQUATIONS" CHRE (L7)

HQOFRINT "THIS PROGRAM SOLVES o SET QF N
& IMULT -

4@ FRINT "ANEOUS EQUATIONS TN N LUNKNOWNES
O GOHRE LT

S@OFRINT "ENTER THE NUMBER OF EGQUATIONS.
OGHRECLT)

H@  INFUT "VALUWE OF N "iN:FPRINT

70 IF Nu1 QR NSEINTOND) S THEN FRINT "NONSE

NGE ! D TRY AGAIN. "1 GOTO 6@

8O FRINT "ENTER THE COEFFICIENTS TERM RBY
TERM. " CHR#(17)

@ DIM ANGN JB N

100 REM READ IN MATRIX OF COEFFIGCIENTS
1@ FOR I=1 TCO N

120 FRINT CHR#(159) 3" ROW" 3 T2 CHRE (LE4)
130 FOR J=1 TO N

14@ FRINT "COLUMN" s Js s INFUT A CD.d)

150 NEXT

16@ INPUT "RIGHT HAND TERM"3E (D) t FRINT
A7@W O NEXT

180 REM CALCULATING

190 PRINT CHRE(147) "THE MATRIX OF COEFF
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ICTENTS: " CHRE (17)

200 FOR I=1 TO N:FOR J=1 TO N:FPRINT @1,
J) 3 s NEXTEFRINT ECI) s NEXT

210 FRINTEFRINT "CALCULATING s

220 X=0:GOSUE 300

230 REM ENDING

240 PRINT:PRINT: PRINT CHR$ (154) . " ANOTHER
GO? Y OR N

REQ GET GHrIF GEH'Y" AND G "N THEN 2
50

260 IF GF="Y" THEN RUN

270 FRINT CHR#(147) "BYE FOR NOW":END
IO REM COLCULATING

IO X=X+l ZmX:PRINT "%y

RO TF A(Z.X) =0 THEN ZsZ+l: IF ZomN THEN
H20

EIO OIF ZeN THEN PRINT:FRINTFRINT "NO 60

LUTION! s RETURN

TAQ IF ZunX THEN Resl/6(Z,0X) 1 I=XakmZs GOSL
B %500

THO TF AL XD xl THEN Resd/A (X, X) 8 TeX s GOS

UE 550

6D FOR I=1 TO N

F7@ OIF TmX THEN IsI+l:IF 1N THEN 390
EEO OLF AT X000 THEN Fee@ (1, X) & ks X : GOSU

B 500

EOQ NEXT

400 IF X<N THEN 310

410 FRINT:PRINT:FRINT "THE SOLUTION: " CH
R (17)

420 FOR L=l TO N

4@ IF FOS (L) ALEN (STRE (KD D) =38 THEN PR
INT

440 FRINT E(D)

450 NEXT

468 FRINT: RETURN

EQ0 REM KOW OFERATION ADD R TIMES ROW K
TO ROW 1

510 FOR J=1 TO N

SR AL, I mA (LT +HREA (K )

SEO NEXT

S4Q (1) =B (L) Rl (k) 1 RETURN

E50 REM ROW OFERATION MULTIFLY ROW I BY
R
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G FUOR J=1 T0O N

GG MACT L) =ReA T, D)
HOM NEXT

HP@ ROT) =Rk (L) s RETURN

READY .
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CHAPTER 12
Codes

There is a growing need for secure transmission of data. This has resulted
in much research into cryptography — the art of writing in code or
cipher. There are two steps involved in cryptography, first encoding the
message or data and then decoding the coded message back to the
original.

Substitution codes

The simplest ciphers are the substitution ones in which each letter is
substituted for something else, usually a letter from the same alphabet.
Here is one such example:

encoding— encoding—>
<decoding <decoding
A — A B — F
C — K D—P
E —U F — Z
G — E H—1J
I —O J —T
K —Y L —D
M—1 N — N
O —8S P —X
Q—-2C R — H
S — M T — R
Uu—w V— B
W —G X — L
Y —Q Z —V

The message MESSAGE would be translated into [UMMAEU.

In this cipher, the substitution for each letter was not chosen at
random. If the letters of the alphabet are number 0 to 25 then the substi-
tute for letter numbered NUM is calculated as follows

NUM?*5 — 26*INT(NUM*5/26)

The reverse process is achieved by the formula
NUM*21 — 26*INT(NUM*21/26)
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The cipher may be listed with the following short program.

10 REM SIMPLE CIPHER

20 PRINT CHR$(147),“CODING’’ CHR$(17)
30 FORI=0TO 25

40 J=1*5-26*INT(I1*5/26)

50 PRINT CHR$(65+1) «“ -’ CHR$(65 + J),
60 NEXT

70 PRINT:PRINT:PRINT, “DECODING’’ CHR$(17)
80 FOR I=0TO 25

100 J=1*21-26*INT(1*21/26)

110 PRINT CHR$(65+1) ‘-’ CHR$(65+J),
120 NEXT

Essentially to encode a letter we multiply the number of the letter by §
and ignore multiples of 26. To decode a letter we need to divide by §,
ignoring multiples of 26. This is the same as multiplying by 21 and
ignoring multiples of 26 because

5*21 = 105
=1+ 4*26

In other words if we ignore multiples of 26 then 21 is the reciprocal of 5.
Indeed we say that 21 is the inverse of 5 modulo 26.

One obvious defect of this code is that a message such as PLEASE
COME QUICKLY would be encoded as XDUAMU KSIU CWIKYDQ.
Spaces are left as spaces. To overcome this objection we should include
spaces, full stops, commas, digits and perhaps question marks in our list
of letters for substitution.

Since we have a computer at our disposal we should use the ASCII
characters. The 59 ASCII characters from 31 to 90 are convenient. These
include all the letters that we require and in addition 59 is a prime
number which will be useful for our purpose. CHR$(31) is a colour code
and will not in fact be used.

Encoding will be done essentially by multiplying by 5. More precisely
the single character A$ is encoded to C$ as follows.

N = 5 * (ASC(A%)-31)
C$ + CHR$(31 + N — 59*INT(N/59))

Decoding is achieved by multiplying by 12 (the product of 5 and 12 is 60
which is 1 ignoring multiples of 59). To decode the single character C$ we
proceed as follows.

M = 12 * (ASC(C$) - 31)
A$ = CHR$(31 + M — 59*INT(M/59))
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Here is a short program, based on the above cipher, which will encode
a message or decode one. There is one added feature, you have to enter
one of the numbers 2 to 58 for encoding and decoding. The same number
must be used for decoding as for encoding. To encode we essentially
multiply by the chosen number, say N. To decode we multiply by the
reciprocal of N modulo 59, that is by a number M for which N*M is 1
ignoring multiples of 59.

10 REM SUBSTITUTION CODE

SO FRINT CHR$ (147) ,CHIRE (1L54)  "SURSTITUTI

ONCODE" CHER%ECLT)

Z@OFRINT "THIS FROGRAM WILL ENCODE AND D
ECODE . "

49 FRINT "ENTER CODE NUMBER" CHRECL7)

SO OUNPUT "NUMEBER 2 TO 8B "y CrFRINT

GO OTF CoxINT ) OR CoR ORCHSE THEN FRIN
T "TRY AGAIN. "sGOTO %@

78 OFRINT DO YO WANT T BENCODE (E) QR D
ECODE (D) A MESSAGED" CHR$ L7

B8O INFUT "B OR D "sfgs FRINT

QO YR MAESXEY AND AEC DY O THEN PRINT "WH
TCH? s GOTO 80

LD Dmis [=mCaBE="DE" s IF Af="E" THEN D=3k
FaUEN"GOTO 1750

110 C=C+laD=Deds IF C-B9® INT (G/5%9) 4 ) THE
N 110

120 REM D I8 MULTIFLE REQUIRED FOR ENCOD
ING/DECOD ING

120 FRINT "TYFE YOUR MESSMOGE - UF TO 2855
CHARACTERSLONG, " CHR$E(17)

140 ME="" s N "yl =0

150 GET GFeIF GF="" THEN 1%50

160 REM MESSAGE 18 ENTERED CHARMCTER RY
CHARACTER

170 G=ABC(GF)

180 TF Gx31 AND G991 THEN M$eMEeGigs FRINT
Gy s l=l+1

190 IF G=2@ AND L@ THEN FRINT G#sslml-1
sME=LEFTE (M$ L)

200 TF B4Rl AND LU R2EE CTHEN 150

210 FPRINT v ¢

220 REM ENCODING/DECODING MESSAGE

2R FOR I=1 TO L

240 N=ASCMIDEME, L, 1)) 31 s N=D*N
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250 NE=NEACHRE CRLEN-59% TNT (N/59) )

26O NEXT

R7@O FRINT:FRINT "THE " B "CODED MESSOGE
16" CHRECL7) s FRINT N#

280 FRINT:PRINT CHRE (154) , "ONOTHER GO Y
OR N

S99 GET GFr IF GFCOUY" AND G N THEN 2

£20]

SO@ O LF GE="YY OTHEN RUN

1A FRINT CHRE (147) "BYE FOR NOW" 2 END

READY .,

Despite all our efforts the code is easy (for experts) to break or
decrypt. The problem with a substitution code is that each character is
invariably represented by some other fixed character. Certain English
letters and pairs of letters occur much more frequently than others. For
instance in normal English text, the letter E occurs about 13% of the
time, the letter T occurs about 9%, the letter P about 2% and Q about
0.2%. Armed with such information it is possible to decrypt a
substitution code. The number of different substitution codes possible
using the 59 characters (ASCII codes 31 to 90) is about 1.4 * 10%,
Nevertheless substitution codes can be decrypted. This illustrates how
deceptive the appearance of large numbers of choices can be.

The next section introduces codes which do not always use the same
character for a given character.

Matrix codes

We can use matrices to cipher messages. We illustrate the method with an
example. Suppose that we want to encode the message PLEASE COME
QUICKLY. First we rearrange the message into two rows as below:

PES OEQIKY
LAECM UCL.
Next, create a two row matrix from these rows by converting the letters

into their ASCII codes less 31.

49 38 52 1 48 38 50 42 44 58
45 34 38 36 46 1 54 36 45 15
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Now premultiply the matrix with the following matrix.
2 -1
-5 3

The result is:
2 -1, 49 38 52 1 48 38 50 42 44 58
-5 3 45 34 38 36 46 1 54 36 45 15

_ 53 42 66 —34 50 75 46 48 43 101
T | —110 —88 —146 103 —102 —187 —88 —102 —85 -—245

Now convert the numbers in the matrix so that they are between 0 and
58. This is achieved by adding or subtracting multiples of 59 to the
numbers in the following way:

N = N — 59*INT(N/59)

The resulting matrix is shown below.

53 42 7 25 50 16 46 48 43 42
8 30 31 44 16 49 30 16 33 50

Finally we add 31 to these numbers and look up the corresponding
characters by asking for PRINT CHR$(X). The result is shown below.

TI &8 Q/ MO J 1
» =>K / P =/ @0Q

The final coded message is
T'I=&>8KQ//PM=0/]J@1Q

Notice that the letter E appears three times in the original message.
These three Es have been encoded to I, > and /. Thus this cipher is more
subtle than the straight substitution code.

A code is no good unless we can decipher messages. The trick now is to
reverse the process. At first sight this may look difficult, but we use some
mathematics to help us.

Let’s decipher the following message.

[=M?"’S?$:8M@>’<M

First we write the coded message in two rows.

I M”72 : M > K<
=7 S $ 8 @’ M
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Next, calculate the ASCII codes less 31 to produce a matrix.

42 46 3 32 21 46 31 29
30 32 52 5 25 33 8 46

Now premultiply by the following matrix.
3 1
5 2

Notice that this matrix is not the same as the one used for encod-
ing. However, notice that the decoding matrix is the inverse of the
encoding matrix as the following calculation shows.

31| L] 2 -1
52 -5 3

o 3*2 4+ 1*-5  3*—1 + 1*3
- [ 5*2 +2*-5  5*-1+2*3

1o
= lo 1

Let’s multiply our decoding matrix by the coded message matrix.
3 1 42 46 3 32 27 46 31 29

*

5 2 30 32 52 5 25 33 8 46

_156 170 61 101 106 171 101 133
270 294 119 170 185 296 171 237

Next, add (or subtract) multiples of 59 to make the numbers
between 0 and 58.

3852 2 42 47 53 42 15
34 58 1 52 8 1 53 1

Now add 31 to these numbers and look up the corresponding
characters.

E S ! I NTI
AY S T

We thus end up with the message EASY! ISN’T IT.
The next program uses such matrices to code and/or decode
messages.
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10 REM MATRIX CIFHER

20 PRINT CHR#(147) JCHRE (154 O MATRIX

CIFHER" CHR%F(17)

AD FPRINT "THIS FROGRAOM WILL ENCODE AND D

ECODE. "

40 G=RaFOR I=1 TO SsFOR J=1 T S1READ A(
Tod) s NEXTaNEXT

SO FRINT "DO YOU WANT T ENCODE ) OR D

ECODE (D) A MESHAGED" CHR&(1L7)

HO TNFUT YE OR D "saFs FRINT

T@OTF AFECEVE" AND A% DY THEN FRINT "WH
TCH?" 2 GOTO 6@

830 BE="ENY

YO TF AF="DY THEN BE=UDE"sFOR I=1 TO &:2F

OR J=1 TO SsREAD AT J) s NEXTsNEXT

100 FPRINT "TYFE YOUR MESSAGEE - UP TO 258
CHARACTERSLONG. " CHRECLT)

110 Mgt ta| =)

120 GET GF: IF GE="" THEN 120

1R GeASC (GF)

140 IF G311 AND Go91l THEN M$=ME+GE: FRINT
G g loml+]

150 IF G=20 AND L@ THEN FRINT G#2:l=l-~1
s ME=LEFTE (ME, L)

Lol TE G FLE AND L 25 THEN 120

170 FRINT " "aM=INT(L/G+@. 9 s DIM BB, M,

Cs.M)

180 REM ENCODING/DECODING MESSAGE

190 FOR T=1 T0 SeFOR J=1 TO M

200 E=8%J+] -8

210 IF kel THEN N=ASCMIDE (M b, 1)) -5

BOLoJd)=N-59%INT (N/&S9)

AR NEXTsMEXT

25O FOR T=2 TO SsIF B(I ML THEN BCI M)

240 NEXT

250 FOR T=1 TO S:FOR J=1 T0O M

260 FOR k=1 TO S8:Cl.D)=Cl,J)+ACT k) *E(

Eoad ) aNEXT

A7 CAL D) =CCL,J) -S9uINT (L .J) /759)

~80 NEXTyNEXT

290 FRINTsFRINT "THE " Bf "CODED MESSAGE
IS CHR$(L7)
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FOR J=1 TO M:FOR I=l TO $

FRINT CHR$ CEL+C(L0d)) 8

NEXTs NEXT: FRINT

FRINT: FRINT CHR# (154) . "ANOTHER GO? Y
N

GET G#:IF GFox"Y" AND G#< "N THEN 3

TF G Y THEN RUN

FRINT CHRE 147 "BYE FOR NOW"sEND
DATA Gyl g8 8

DATe k1. 0,2

READY .

For this cipher we used a two by two matrix to encode and the
inverse of that matrix to decode. In general we can use any matrix
and its inverse as long as both matrices have only integers as their
entries. Here is another matrix that you could use for encoding.

o 1
1 —_

The corresponding decoding matrix is given next.

2
1 0

This method of coding could be made more subtle by using 3 by 3
matrices. The message would need to be written out in three rows
and the procedure outlined earlier on followed. Here are two
matrices that could be used as encoders and decoders.

1 0 -1 1 2 -1
2 1 3 -2 -9 5
4 2 5 0 2 -1

The next program uses these matrices to code and/or decode
messages. You could insert your own matrices if you wish, but
make sure that they are inverse to each other and that all entries are
integral.

1@ REM MATRIX 3 CIFHER
2@ PRINT CHR$(147) ,CHRE (LH4) MATR X
CIFHER" CHR$ (17)
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e Tasd TCY S FOR J=10 TO S READ A<
Lad) s NEXT e NEXT

B OFRINT “DO YOU WANT TC ENCODE (E) OR D
ECODE (D) A MESSAGE™" CHR$E L)

HO O TNFUT "E OR D "y A FRINT

7@ TF AECHUEY AND AFC DY OTHEN FRINT YW
TOHP" 2 GOTO 40

B0 B EN

Q@ TF AgstDY OTHEN B DE s FOR D=1 T0 S F
WRJ=1 TO S READ AT ,J) o MEXT 8 NEXT

1@ FRINT “TYFE YOUR MESSAGE - WP TO 255
CHARACTERSLONG. " CHERE (L7)

120 GET Gas ' 0 THEN 12O

150 6

14l TF Grkl

Gy s L=l

1E@ X WOANMD LR THEN FRINT G s le=l~1

5 V], V% L)

16@ TF G =13 AND L 288 THEN 120

V7@ FRINT " MM INT (L /784+@. 9 s DIM BES M),

s M

180 REM ENCODING/DECC

190 FOR T4 T S FOR Je=1 TO M

¥ W J A ] b
 THEN N6

S9% TNT (N/SH9)

aed NEXT:NEXT

SEQ FOR T=200TO Se IF ROLLM L THEN BRCOL M)

AND Gl THEN M$mME--Gs FRINT

COMIDE (MEF R, 1))~

B CE ) =N-

240 MEXT

A9 FOR T=1 TO S:F0OR J=1 TO M

R6@ FOR k=1 TO S0l D) =00 J)+A T ) %

B d) s MEXT

A7O CLy D)= ) B9 INT (L, J) /759

SE@ NEXT s NEXT

290 FRINT:FRINT "THE " B "CODED ME&SHBOGE
Tae" CHRECLT)

SA0 FOR J=1 TO MrFOR I=1 T0O %

LA FRINT CHRE CEI+CCl,d) 0

@ NEXTsNEXT2FRINT

IED OPRINTEFRINT CHRE LS4) , "AONOTHER GO Y
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QR N"
A0 GET GF: ITF G -"Y" AND G#< "N THEN 3
40
AW TR GHE="Y" O THEN RUN
S6HO PRINT CHR#(147) “"BYE FOR NOW'":END
400 DATA 1@, -1,2. 0 035,4,2,8
410 DATA 1,2~ ~2. 95,02,

READY .

Public-key codes

The codes described in the previous section have a defect. Once you
know how to encode a message you also know how to decode it.
Public-key cryptosystems are different. They come in two parts:
the encoding key, which is made public, enabling anyone to encode
messages; and the decoding key, which is kept secret, enabling only
the originator of the code to decode messages.

We now describe a public-key system. First find two very large
prime numbers P and Q, each should have about 50 decimal digits
making this proposition impractical for your Commodore 64. Let
N be the product of P and Q. Now choose an integer A which is less
than N and has no factor common with (P—1)*(Q—1). You may
now publicly announce the numbers N and A.

How is a message encoded with the numbers N and A? This is
performed as follows.

1. Translate the message into numbers (space = 01, A = 34, etc.);
the message is then one large number.

2. Take the message in number form and break it up into blocks of
a convenient size.

3. Encode each block B as follows:

C = BfA —N*INT((BtA)/N)

the number B is raised to the power A and multiples of N are
removed to make the resulting number between 0 and N.

How 1is the resulting message decoded? Since the greatest
common divisor of A and (P-1)*(Q-1) is 1 we can find two
numbers X and Y so that A*X + (P-1*(Q-1)*Y = 1. Using X
we can decode the message as follows.

1. Break the coded message into blocks.
2. For each block C perform the following calculation:

CIX - N*INT((C1X)/N).
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3. Join the resulting blocks back again and decode numbers back
to characters.
The process works because

(BIA)IX = BI(A*X)

= Bi(1-(P-1H*Q-1*Y)
= B + multiples of N.

The last statement follows from a theorem proved by the mathema-
tician Fermat.

Why is the code difficult to break? Notice that to decode the
message we need to know the value of X. This can be calculated
from the value of (P—1)*(Q-1). In order to know (P—1)*(Q-1)
we need to know P and Q. Publicly only A and N have been
announced. In theory, once we know N we can factorise it to find P
and Q. However N is about 100 decimal digits long and factori-
sation of such numbers takes an enormous amount of computer
time to perform (several millions of years). It is on this basis that
the cipher is safe.

All that remains for you to produce a very secure code is to write
a program for your Commodore 64 which is capable of handling
very long numbers precisely. See the chapter entitled Odds and
Ends.
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CHAPTER 13
Random!

Heads and tails

When a coin is tossed it is equally likely that the ‘head’ or ‘tail’ shows, at
least if the coin is a fair coin. Your Commodore 64 can simulate the
tossing of a coin by using the inbuilt RND function.

For any positive number X, RND(X) returns a (pseudo) random
number in the range from 0 up to 1 (but not including 1). If you switch
on your Commodore 64 and type the following:

FOR I=1 TO 5:PRINT RND(1):NEXT I

you will get the following sequence of numbers:

185564016
.0468986348
.827743801
554749226
.897233831

If you switch your 64 off and then on again (not recommended) and
repeat the instruction

FOR I=1 TO 5:PRINT RND(1):NEXT I

you will get the same sequence of numbers. To overcome this it is usual
to start any program involving random numbers with a line like

Y = RND(-TI)

which has the effect of starting a new sequence of random numbers. In
general, if X is negative then RND(X) starts a new sequence of random
numbers. If X is O then the resulting number is the same as the last one.

The following short program simulates the tossing of a fair coin. A list
is printed out showing whether a head (H) or tail (T) appears. 100 such
letters are printed and a count of the number of heads and tails is
displayed.

L REM HEADS AND TATLES
RO FRINT CHRECL47) "HEADS AND Talls" CHR

131



Mathematics on the Commodore 64

(17D
IO FRINT "THIS FROGRAM SIMULATES THE TOS

SING OF A FAOTR COIN 100 TIMES." CHRE(L7)
40 FRINT." FRESS Y'"y ko)

WA OGET GE:lF GECRTY" THEN 50

H@ YaRND (-1 1)

7@ lmkedor =@ FRINT . CHRE (148)  CHRE (158) "
RUN NUMBER" STR# (k) " "OCHRECLT7)

80 FOR I=1 TO 100

Q@ AFE="H" T LF ORND (L) =@, 8 THEN Af=07" s g
.4.‘1

10@ FRINT A%

110 NEXT

120 PRINT:FRINT:FRINT "NUMBER OF HEADS"
10@~Js " TAILS" s J

LE@ FPRINT: FRINT CHRE CLEA) , "ANOTHER GO Y
OR NY

140 GET GE: IF GH<x"Y" AND G H"N" THEN 1
4@

150 TF GE="Y" THEN 40

160 PRINT CHR#(147) “"BYE FOR NOW" s END

READY .

Change line 60 to the following line.
60 Y = RND(-1)

You should now notice that the same sequence of heads and tails appears

every time the program is run. That’s why we use
60 Y = RND(-TI)

to randomise the sequence of random numbers.

Of dice and men

If a fair six-sided die is thrown then one of the six numbers 1, 2, 3,4, Sand 6
will appear, none more likely than another. Once again, the Commodore
64 may be used to simulate dice throwing. The next program illustrates the
result of rolling a die one hundred and twenty times. A count of each

number thrown is printed at the end.

1@ REM DIE ROLLING
2@ FPRINT CHRE(L47)."  DIE ROLLING" CHR% (
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17)

@ FRINT "THIS PROGRAM SIMULATES THE ROL

LING OF A FAIR DIE 120 TIMES." CHR$(17)

4@ FPRINT " FRESS Y"1 k=0

W@ GET GE:lF GECF'YY OTHEN %0

6@ Y=RND (T

70 EmE+LsFOR I=1 TO &rACD) =QsNEXT

B8O FRINT,CHR$ (145) CHRE (158) " RUN NUMBE

R STR$ () "OHREC(LT)

0 FOR I=1 T(0 100

10@ L=INT(RND (1) *&)+1 s FRINT STR$ (L) AL
Y=AL) +1

113 NEXT

120 FRINT:FRINT:FOR I=1 TQ &:FRINT "NUME

ER OF":STREI) 2" "6 ="3 A1) e NEXT

1A@ FRINT:FRINT CHR$ (154) , "ANOTHER GO Y
OR N

140 GET GFs IF GHFC"Y" AND G "N" THEN |
40

150 ITF Ge="Y" THEN 6@

160 FRINT CHR#(147) "RYE FOR NOW":END

READY .

Another version of the program appears next. This one includes a
display of the face of the die. The design for the faces is contained in the

array D$(1,J).

10 REM FICTURE DIE

20 PRINT CHR#(147) ."DIE ROLLING WITH DI&

FLAY" CHRE(LT7)

@ FRINT "THIS FROGRAM SIMULATES THE ROL

LING OF A FAIR DIE." CHR#(17)

40 FOR I=@ TO 6:FOR J=0 TO &:READ ArA% (]
=A% (1) +CHRE (A) s NEXT: NEXT

S50 FOR I=1 T0O &6:FOR J=@ TO &:READ A:D#F (]
S =AE(A) s NEXTENEXT

6@ FRINT, " FRESS Y": k=0

70 GET GF:IF GELH"Y" THEN 70

80 Y=RND(~TI)

0 K=k+1:FRINT,CHRE (145) CHR$(138) " F
QL. NUMBER" STRE (E) " "OCHRE L)

100 L=INT (RND (L) *&)+Le A (L) =A (L) +]1

110 FOR J=0 TO 7:FRINT TAB(1&) DEL.,J):N

133



Mathematics on the Commodore 64

EXT

TRE@ FRINTSFRINT s FRINT "COUNT" 3 s FOR T=l T

£ EePRINT STRET) 5786 ="amC0) 5 s MEXT

LA FRINT 2 FRT NI " DA FOR T4 TO bR

INT STRECD 2" 8 = g ACL) p e NEXTEFRINT

14@ FRINf:lthI"FthI"IhINT CHFcE CLS4) "

NOTHER GO Y (OR N”

LE@ GET G IF GHEC "y AND GEC N THEN )

g}

16W TF GHE="Y" THEN 8@

170 FPRINT CHRE(147) "BYE FOR NOW!": END

20 REM DATA FOR DESIGN

A1 DATA 2Q7 . 18 ulﬂﬂ.LH-uiu-..WH
2@ DATA 0 i 7

DATA

DATA

DATA

DATA

DATH 24, l/un1 :

REM DATA FOR EACH

DATH @1 1,35, 1.0 .6

RDATE @ud, Lol b daé

DATA @,4.1,5.108.6

DATA @.5.,1.1.1.,8.6

DATA @, 85, 103010856

DATA @5, 1,80 18,6

READY .

Rolling two dice simultaneously can be simulated just as easily. The
possible score on each roll is one of the numbers from 2to 12. As you are no
doubt aware, some scores are more likely to occur than others. This fact
should become apparent with either of the next two programs. If two dice
are rolled several times then the expected proportion of time (or
probability) that each score occurs is given in the next table.

Score Probability
1/36
2/36
3/36
4/36
5/36
6/36
5/36
4/36

O 00 JIAA WV A WwWN
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10 3/36
11 2/36
12 1/36

L@ REM TWE DICE

A@ PERINT CHRE 47 0" TWO DICGE ROLLTING"
CHRE (17

A@OFRINT "THIS FROGRAM SIMULATES THE ROL
LING OF TWO FATR DICE." CHEECL7)

4@ FRINT " FRESE Y"a k=@

GOOGET Gy IF GF "y O THEN S0

G YuRND T 1)

7@ skl s FRINT , CHRE CL48)  CHRE (158)
BTRE (k) " "OGHRE L)

TO 6@

Clo ¥ ) sy (Lo M2 ) 4

1O FRINT CHRE CLE54) 5 e s CHRE CLSE) 1.3 My
110 NEXT

2@ FRINT: FRINT "SCORE COUNT"

3@ FOR I=@0 TO 1@

4@ FRINT STRE (@) a6 =" ACh) gu IF Tm=3
QR D=0 0RO T8 THEN FRINT

150 NEXT

L@ FRINTFRINT: FRINT: FRINT CHRE LS4 "
CONTINUEY Y OR N"

L7@ GET GEs IF GEC XYY AND G EUNY THEN L
70

180 ITF GE="Y" THEN &@

190 PRINT CHRE (147) "RYE FOR NOW!":END

FREADY .

1@ REM FICTURE TWO DICE

2@ PRINT CHRE(L47) " TWEO DICE ROLLIN
B WETH DISFLAY" CHRE L)

HQOPRINT “THIS PROGRAM SIMULATES THE KOL
LING OF TWO FATR DICE." CHR#CL7)

40 FOR I=0 TO &:FOR J=0 TO &rREAD ArAk (]
Y@ (D) OHE (A) s NEXT s NEXT

H@OFOR I=1 TO &:FOR J=@ TO &:1READ MA1DE (]
) =OFE (A ENEXT s NEXT

H@O FRINT, " FRESE Y"1 k=0

7@ GET G IF GEC Y THEN 70
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80 Y=RND (-T1)

QO Kkl PRINT , CHRE (L45)  CHRE CLEE) f
OL.L. NUMBER'" STFE () " "OGHRELT)

LA L=TNT (RND (L) %60 + 1 s M= TNT (RND L) %éb) -+ 11
A (LMt @ (LM -2 + 1
1@ FOR J=0 TO 7:FRINT TARCIE) DH.J) S
FECOY DEMLI) ENEXT

120 PRINT: FRINT "SCORE COUNT"
150 FOR 1= TO 1@
140 PRINT STR# (I+2) 5" 78 ="ga(l) sy IF =

OR I=7 THEN FRINT

1890 NEXT

16 FRINT:FRINT: FRINT: FRINT CHR® (L54) A
NOTHER GO? Y OR N”

170 GET G#:IF GE<X"Y" AND G "N THEN 1
70

1680 IF G#="Y" THEN 8@

190 FRINT CHR#(147) "BYE FOR NOW'": END
200 REM DATA FOR DESIGN

210 DATA 207,183,183, 1605, 1635, 185,208
228 DATA laqu&qJ& BRZERVERVIT70

230 DATA 180,113 l-.ir.ﬂﬁnlfw

240 DATA 180,352, 0 LECERERL70

2UG DATA 180,32, 52,3 ME 150170

260 DATA 180, 11“n33.hdnd¢"llﬂ.l/w

270 DATA 24,178,178, 178,075,175, 186
SO0 REM DATA FOR EACH DIE FACE

F1Q DATA Bl 1B Lelub

S20 DATA B.4,.101.1.02.6

S50 DATA @.4,1.35,1,2.6

H40 DATA .5, 101,008, 6

S50 DATA O.85, 1.5, 1,86

260 DATA @,%5,1,5,1,5.6

REMADY .

Playing cards

A regular pack of playing cards has 52 cards. In a well shuffled pack any
one of the 52 cards is likely to appear at the top. The next program,
Cards, illustrates how the Commodore 64 can simulate picking a card
from a well shuffled pack of playing cards. On each new selection it is
assumed that the previously selected card is replaced and the cards are well

shuffled again.
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L@ REM CARDS
20 FORE S3HEGL, 1S FRINT CHRE (L47) , CHRE 5
y " CARDS" CHRE(L7)
2@ PRINT "THIS FROGRAM SIMULATES THE DRA
WING OF"
40 FRINT "6 CARD FROM A WELL SHUFFLED Fa
Gl CHRECLT)
S53 DIM AF (1D sFOR T=0 TO 12:READ A% (I)aN
EXT
HA FOR I=@ TO ZrREAD Ao EE D) =CHRE (A) @t NEX
T
70 FOR I=@ T ZsREAD MOk (L) =CHRE (A) s NEX
T
80 PRINT," FRESS Y"1 k=@
Q0 GET GF: IF GFC2"Y" THEN 90
10@ Y=RND (~T1)
11D E=skE+LFRINT, CHRE (148) "SELECTION NUM
BER" STR® () " "OOHRE (L)
10 LeINT CRND (1) %1535) s Ma=TNT (RND (1) %4)
LA@ FRINT TAB(Lé&+ (L=9)) CFM) MEdL) " "
B# (M)
140 FRINT: FRINT CHR$ CE1) , "ANOTHER GO? Y
R N"
190 GET Gy IF GEa:UY" AND G "N THEN 1
S0
16@ IF GFE="Y" THEN 100
170 PRINT CHR#£(147) "EYE FOR NOW" s END
200 REM DATA
A1 DATA A2,5,4,5,6,7,8.9,10,J.,0,k
220 DATA 120,122,118,97
2E@ DATA 144,228,268, 144
READY.

In the program Cards the courputer first selects a number between 0 and
12 which (by adding 1) determines the number appearing on the card. Next,
it selects a number between 0 and 3, this determines which of the four suits

the card represents. An alternative way would be to select a number
between 0 and 51:

K = INT(RND(1)*52)

and pick off the suit and number of the card from this number. This is
achieved by the following line.

L = INT(K/4):M = K — 4*L
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The number L now determines the card number while M determines the
suit.

The program Cards selects one card from a well shuffled pack. With
each new selection the card is replaced and the pack reshuffled. What if we
want to shuffle the pack once and then list the cards as they appear in
sequence from top to bottom? A different routine is required to achieve
this. Essentially we number the cards 0 to 51 and then randomly rearrange
these 52 numbers. This rearranging is done systematically; first the first
number is exchanged ranndomly with one of the other 51 numbers. Then the
second number is exchanged with one of the remaining 50 numbers. And so
on. The program Card Shuffle shows the technique.

LA REM CARD  SRUFEFLE

SO FORE SE261 .18 PRINT OHERE A7) CHRE C5)
y ! CARD  GHUFFLE" CHR$ (17)

SQOFRINT "THIS PROGRAM TLLUSTRATES THE &
HUFF L TNG

4@ FRINT "OF A PACK OF CARDS. " CHERECL7)
BOODIM AF LD s FOR D= T0 L2rREAD A% (D) N
EXT

7O FOR T=0 TO 3rREAD AzCE (1) =CHRE (A) 3 NEX
1

B0 DIM D% 5L s FOR
Y@ FRINT, " PR E S CHFGE (145 1 ks
100 GET Gi: IF BE-"Y" THEN 100

11@ Ys=RND (T 1)

120 Eskrl s FRINT Y SHUFFLE NUMBER" 8 TR (i
y "OCHRE (L 7)

130 REM MIXING

140 FOR I=0 TO 50

150 Lo INT CRND (1) % (5 1) )+ ]

160 REM L. SATISFLIES 1 <m L = N

170 T=DYCI) 1 D% D) D% (LD 8 DA (L) =T

180 NEXT

190 FOR T=@ TO %I

FRINT " vy
FRINT C# M) A% " " B (M) .

NEEXT

FRINT: FRINT: FRINT CHRE C31) , " ANOTHER
Y OR N"s FRINT s FRINT g PRINT

GET G#: IF GE "Y' AND GECHINT THEN 2
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A
AWl TF Gty THEN 20

whHG FRINT CHRECL47) "BYE FOR NOW" @ END
270 REM I')h"l"(\

SO DATA AR E M T = R 7 IR ) P U8
H1A DATA 1.'..?(1.]-.1“...[[\:..‘)7

HR2Q DATA 144,268,268, 144

FREADY .

Non-equally likely events

Most of the examples we have looked at so far have the property that any
one of the events that can occur is as likely as any one of the others. The
next example is not.

A bucket contains 100 coloured buttons. There are 6 red buttons, 54 blue
ones and 40 green ones. To simulate the selection of a button from the
bucket we use the following lines.

X = RND(1)

R$ = “RED”’

IFX> = 0.06 THENRS$ = “BLUE”’
IFX> = 0.60 THEN R$ = ““GREEN”’
PRINT R$

The program Buttons simulates the selection of a button from the bucket.
100 selections are made, after each selection the button is replaced.

L@ REM BUTTONS

A0 FORE SE261, 15 PRINT CHRE CLA7) CHRE CLED
4) " BUTTONS" CHRE(17)

AROFRINT "THIS PROGRAM TLLUSBTRATES FICkWT
NG A

40 FRINT "BUTTON FROM A BUCKET WITH & RE
Dy G4 BlLUE"

BO OFRINT "AND 40 GREEN BUTTONS. " CHRE L7

)

HA FRINT " F hE BE Y kml

7@ GET GFE: IF GECXY" O THEN /'(Z)

B8O YusRND (T 1)

Q@ kAL FRINT, CHRE (L 485) FRUN NUMEREER
GTHRE (D) " "OCHRE L)

100 XemEND (1) 2 RE=CHRE C28) +OHRE CLédé) +" RE

I")ll

11O IF Xorm@, @6 THEN R$=CHRE CEL) +OHRE (Lbé
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Y et
120
) +, "
1AD
4)
14
140
160
170
180
(W]
190
90
e ri17)
210
rae

Bl LJE
TF Xie=@, 60 THEN Fé=CHRE CI) +OHRE (L b6é
GHREEN"
FRINT TAECLSE) REIFRINT: FRINT CHR$ (LS
PCOUNT: " 48
A0 (RE) ~281 0 (5) =A (G -+
FRINT CHREC28) "RED"3A @) o
FRINT CHR$ CEL) "BLUE"$ACE) o8
FRINT CHHRE CE@) "EREEN": A (2)
FRINT: FRINT CHRE CLE4) |, "ANOTHER GO
Nll
GET GH: IF G#Cx"Y" ANMD G#H:UN" THEN 1

=<

IF GE="Y" THEN 9@
PRINT CHR&(147) “"BYE FOR NOW":FOKE %
1.6 END

F

READY .
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CHAPTER 14
Meaningful data

What do you do when presented with a large amount of numerical data?
For instance, here’s a set of numbers which could be the results of some
experiment, results of some examination, etc.

23 67 89 45 40 10 S
19 99 40 23 9 11 21
34 34 56 41 42 27 80

You can gain a great deal of information about the data by looking at
such descriptive measures as the mean, the variance and the standard
deviation. But first the data has to be entered into our computer.

Such data could be stored on your Commodore 64 by using an array
X(I), so that X(0) = 23, X(1) = 67, etc. It could be entered interactively
by a simple program. This is illustrated with the programs Data Entry I
and Data Entry II.

~00 REM DATA ENTRY I

A1 FRINT CHRE(147) JCHRE (154) ¢ DATEA

ENTRY" CHR$ (17)

220 FRINT "THIS ALLOWS YOU T ENTER SOME
NUMERICAL DATA (AT LEASBT &) ." CHR#E(L7)

ARG FRINT "HOW MUCH DATA DO YOW WANT 10
ENTERD" CHNE (17)

240 ITNFUT “NUMBER "sNsFRINT

2@ TF O NU2 OR N EINT (N THEN FRINT "BE R

EAGONARLE ! " GOTD 240

260 N=N-1:DIM X (N)

B7@ FPRINT "NOW ENTER THE" N-+L " TTEMS OF
DATEH, " CHR$ (17)

280 FOR I=0 TO N

29@ FRINT "DATA NUMEBER"$ IT+13 2 INFUT X 1)
L@ NEXT

H1@ PRINT:FRINT . "FRESS v T0O CONTINUE"
HAQ GET G IR e YO THEN S0

READY .
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Data Entry I asks, at the start, for the amount of data to be entered.
The array X(I) is then dimensioned appropriately. On the other hand
Data Entry II assumes that there are no more than 100 numbers to be
entered. You enter the data when requested, to stop you enter —99999.
If necessary, the number M in line 240 may be changed from 100 to some
other number.

This chapter contains several short programs which may be added to
the Data Entry programs. The final result is a useful program which will
help analyse your data.

20D KEM DATA ENTRY 11
Sl FRINT CHRE (147) (CHRE (L54) DATA
ENTRY" CHR$(17)

DR PRINT "THIS ALLOWES YO TO ENTER SCOME
NUMERICAL DATA (AT LEAST @) ." CHRE(17)
A3 FRINT "ENTER YOUR DATA, ITTEM RBY ITEM

OGHRECLT)
240 M=10@:DIM X (M)
2 FOR I=@ TO ™M

26@ FPRINTs ¢ IF Tx1 THEN PRINT,CHRE L54) &
FOOCI+D) 71@) " TYPE —99999 10 END."
D70 FRINT CHRE CLS8)  "DATA NUMBER" 3 T+1 3

@ INFUT XD e IF X (1) =-99999 AND [x1 TH
BN Naz [ 12 I=M

ROV TF X (1) =-99999 AND 42 THEN PRINT CH
RECLE4) "TOO EARLY TO END."s Is]~1

200 NEXT

E1@ PRINT: PRINT, CHRE (L54)  "FRESS Y TO QO
NTINUE. "

SR20 GET GE IF GECRUYYOTHEN 20

The mean

The mean or average is an important statistical measure. It is obtained by
adding all the numbers together and dividing the sum by the number of
numbers.

sum of data
mean =

number of data

If the numbers are stored in the array X(I) for I = 0to N — 1 then the
mean XM may be calculated using the following program lines.
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X=0
FOR I=0 TO N-1 : X=X+X(I) : NEXT
XM =X/N

The program Mean is a short program that calculates the mean and
prints it out. You may incorporate it with one of the Data Entry
programs.

400 REM MEAN OF DATA

1@ FRINT CHRE L47) CHR&E LS4 " DATA AN
ALYSLES" CHRE (17)  CHRE (158)

41T FRINT "NUMBER OF DATA TTEMS = "gN+1y
CHRECL7)

420 X=@:FOR I=0 TO NzX=X+X (L) s NEXTs XM=X/
(N-+1)

450 FRINT "MEAN = '3 XMy OHRE (17)

Max, min and spread

It’s often useful to know the maximum and minimum values of data. A
simple search may be made by your Commodore 64 to find these. The
following program is a short program which performs this function. In
addition, the range or spread of the data is calculated. This is simply the
difference between the largest and smallest numbers in the data.

DQD REM MAX, MIN AND SFREAD OF DATA

10 MAX=-l@ B OR7sMIN=L@ E R

HR2Q FOR I=Q TO N

SADOIF X D) 2MAX THEN MaX=X (1)

H4Q IF X DY UMIN THEN MIN=X (1)

HHG NEXT

SHOHW FRINT "MINIMUM VALUE = "sMIN

EH7@ PRINT "MAXIMUM VALLUE = '"yMAX

SEQ FRINT "THE SPREAD T8 = "a1MAX-MINgCHR
#OL7)

You may want your data sorted into increasing (or decreasing) order.
Several methods (such as bubble sort, quick sort, shell sort etc.) are
available. Details are not given here.

Standard deviation and variance

The mean is a simple, useful and powerful tool. But it does not tell us all
we need to know. For instance, look at the following sets of data:

DATA for X{I) 20, 21, 20, 19
DATA for Y(I) 38, 26, 14, 2
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The values of the means XM and YM are both 20. However there is
much greater variation in the data for Y(I) than for X(I). This variation
may be measured by using the standard deviation of the data.

The standard deviation of a set of data is given by the following
formula.

standard sum (difference between data and
2
o - SQR mean)
deviation number of data — 1

The variance is the square of the standard deviation.
The procedure for calculating the standard deviation of the data stored
in the array X(I) is as follows.

Calculate the mean XM.

Find the deviations from the mean, that is, the values X(I) - XM.
Square each deviation, that is, find the values (X(I) — XM)2.

Sum the squares of the deviations.

Divide by the number of terms less 1. This gives the variance XV of the
data.

6. Take the square root. This is the standard deviation XD of the data.

bbb o e

The standard deviation provides an idea of how much the data is
dispersed or spread out around the mean. Look at the following examples
again.

DATA for X(I) 20, 21, 20, 19
DATA for Y(I) 38, 26, 14,2

The standard deviations are given by the following calculations.

XD = SQR((0*0 + 1*1 + 0*0 + (= 1)*(-1))/3)
= SQR(2/3)
0.816496581
YD = SQR((18*18 + 6*6 + (—6)*(=6) + (- 18)*(—18))/3)
= SQR(240)
= 15.4919334

This certainly reflects the difference in the spread of the data.

The next short program is for calculating the standard deviation of the
data stored in an array X(I).
6D REM STANDARD DEVIATION
610 X=@:FOR 1= TO NzY=X(L)=XMsX=X+YRY:N
EXT
H2@ XD=HRR (X/N)
GE@ FRINT "STANDARD DEVIATION = "3 XD (CHR
L7
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Confidence intervals

The standard deviation is useful because it indicates to what extent the
data is spread about the mean. In many mass manufacturing processes the
product produced varies slightly in size or quality or length etc. Werefer to
the items we are measuring as the population. The variation in the
population is often normally distributed.

Statisticians have found that the normal curve or normal distribution
approximates a large number of real-life data. If the amount of data is
large (more than about 30) then it is often assumed, for calculations, that
the population is normally distributed, even though it may not be
normally distributed.

Roughly speaking a population is normally distributed if it is
symmetrically spread about the mean; with most of the population at the
mean and very little far away from the mean.

More precisely, in a normally distributed population about 68% of the
population lies within 1 standard deviation from the mean, and about
96% lies within 2 standard deviations from the mean. More generally, the
next table lists the percentages associated with various multiples of the
standard deviation.

% of population Multiple of standard deviation

50% 0.6745
68.27% 1

80% 1.28
90% 1.645
95% 1.96
95.45% 2

99% 2.575
99.73% 3

The above table shows that we would expect 95% of a population to be
within 1.96 times the standard deviation from the mean. In other words
95% of the population lies within the range

XM - 1.96*XD to XM + 1.96*XD

where XM is the mean and XD the standard deviation. We refer to this
interval as the 95% confidence interval for the population. Similarly, the
99% confidence interval for the population is from

XM - 2.575*XD to XM + 2.575*XD
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Here is an illustration of how confidence intervals may be useful. You
suspect that a grocer is selling incompletely filled 2 litre bottles of
lemonade. You buy ten bottles and measure their contents carefully. The
results in litres are:

2.001, 2.040, 2.020, 2.000, 2.015
2.006, 2.005, 2.031, 2.008, 2.018

All the bottles contain 2 litres or more. But, let’s calculate the mean
and standard deviation of this data. The results are:

XM = 2.0144
XD = 0.0132

Now, assuming that our sample came from a normally distributed
population we can calculate some confidence intervals. The 95%
confidence interval for the population is from

2.0144 — 1.96*0.0132 to 2.0144 + 1.96*0.0132

that is, from
1.989 to 2.040

Thus we expect 95% of the bottles to contain between 1.989 and
2.040 litres. This means that we expect 2.5% would contain more than
2.040 litres, while 2.5% would contain less than 1.989 litres. We could
also work out the 90% confidence interval. This is from

2.0144 — 1.645*0.0132 to 2.0144 — 1.645*0.0132

or, from
1.993 to 2.036

Thus 90% of the bottles are expected to have between 1.993 and 2.036
litres. It follows that at least 5% of the lemonade bottles would contain
less than the required 2 litres. (Equally, at least 5% contain more than
2.036 litres.)

In the example just given many assumptions have been made and the
conclusions reached would be insufficient to lead to legal proceedings.

The mean of our population was calculated from a sample. How do we
know that this is the actual mean of the population? The mean may vary
with the sample taken. But, we can estimate how far our sample mean is
from the real mean by using the standard deviation. We can say with
95% confidence, that the mean is from

XM - 1.96*XD/SQR(N—-1) to XM + 1.96*XD/SQR(N-—1)
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where XM is the mean calculated from the sample of size N. We call this
the 95% confidence interval for the mean. The 99% confidence interval
for the mean is given by

XM - 2.575*XD/SQR(N—1) to XM + 2.575*XD/SQR)(N—-1)

Strictly speaking these calculations are valid if the sample size is large
(say greater than 30). For smaller samples we should be using what is
called the student’s t distribution instead of the normal distribution. But
this is beyond the scope of this book.

Don’t take the confidence intervals too seriously and don’t confuse the
two types of confidence intervals.

The next program calculates 95% and 99% confidence intervals for
the population and mean.

700 REM CONFIDENCE INTERVALS
710 Cr=1,96%XDrMI=C1/80R(N) s CR=2,575%XD:

W PRINT : INTERVALS:
750 FRINT "POF. FROM "3 XM-CLls" TO g XM+C
!

740 FRINT "MEAN FROM "3 XM=ML1g" T "5 XM+
13 CHFE (17)

750 FRINT "99% CONFIDENCE INTERVALS:
760 FRINT "FOF. FROM "1 XM=C2t" TO "5 XM+C

T7@OOFRINT "MEAN FROM "y XM-M2y " TO s XM+M
Wy OHRE (L7)

Finishing touches

The programs in this chapter may be linked together to produce a useful
program for analysing data. The following program provides the
necessary linking parts.

1@ REM DATA ANALYS LS

BO FRINT CHREE CL47) , CHRE (L4 " DT mN
ALYS TS CHRE CL7)Y CHEE (L EE)

EOOPRINT "THIS FROGRAM ALLOWE YOU TO ENT
ER DATH AND ANALYSE LT, " CHRE (LT

4G FREINT "AFTER THE DATA HAS REEN ENTERE
o yOL WILL"
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Wl FRINT “BEE PROVIDED WITH THE FOLLCOWING
INFORMA-~ TTONL " CHRE (L7

GO FRINT L. MEAN OF DATA" CHRE (17)

78 FRINT "2, MAX. MIN AND SFREAD OF DATA

OCHRE (L7

B8O FRINT S STANDARD DEVIATION'" CHR$ L7

)

@ FRINT "4, 967 AND 99% CONFIDENCE INTE

RVAL.SGY CHRE (179

1A@ FRINT FRINT, CHRGE CLE4)  "FPRESS Y T0O GO

MTINUE. "

11@ GET G TF O GEC Y THEN 11O

200 KEM DATA ENTRY 11

A1A FRINT CHRE (147)  CHRE (LS4 DATEA

ENTRY" CHREC17)

2@ FPRINT "THIS ALLOWS YOU T ENTER SCME
NUMERICAL DATA (AT LEAST 20" CHRE(17)
ARG PRINT "ENTER YOUR DATA, TTEM BY ITEM

2 CHRE L)

SAD M=l DIM X (M)

2EHA FOR I=0 TO M

AH@ FRINTs ¢ IF Tl THEN PRINT, CHRE (154 6
FCOCE+1) Z71@) " TYPE ~99999 T0 END."

A7@ FRINT CHFRE CLES)  "DATA MUMEBER" s [+
AHOOINFUT XD s IF X (D) =-9999% aND =1 TH
BN Nz l-dw =M

A0 TF X (D) m-99999 ANLD - T4E T
R&E LS4 "TOO EARLY TO END. " e Lsl
TO0 NEXT

B PRINTYFRINT  CHFE CLES4) "FRESS Y TO 00
NTINUE . "

HAG O GEY GEe IR GECFYY O THEN 320

400 REM MEAN OF DATAH

A1@ FRINT CHRE CL47) L CHRE (LS4 " DATH AN
ALYSTE" CHRE (17)  CHRE (158)

A1E FRINT UNUMBER OF DATA TTEMES = "iMely
CHRE(L7)

420 X=@sFOR T=@ TO NeXs=X+X 00 aNEXT: XM=X/
(N1

A0 FPRINT "MEAN = "3 XMy GHRE C1L7)

OO REM MAX. MIN AND SFREAD OF DATHA

1A MAXm- @ E OE7eMIN=LQ B RV

e FOR T=0 TO N

A@ TR X O FMAX THEN MAX=X (1)

EN FRINT CH
..... 1
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Sa@ IF XCI)<MIN
HE0 NEXT

THEEN M T M X

S60 FRINT "MINIMUM VALUE =
H7@ FRINT "MAXIMUM VALLUE =

80 FRINT
#017)

600 REM STANDARD DEVIATION
61O X=@0:FOR I=0 TO NiyYs=X(]
EXT

GRD XD=SER (X/N)

"STANDARD DEVIAT

Py

PTHE SPREAD

#(L7)

7Q0 REM CONFIDENCE INTERVA

710 Cl=1.96%XD:M1=(C1/8CR (M) 2

M2=(2 7 SER (N)
720 FRINT "9U%
730 PRINT "FOP.
1

740 FRINT
LsCHRE(17)
750 PRINT
768 FRINT
)

T7@ FRINT "MEAN FROM g XM
L3 OHRE L)

FAB KEM ENDING?

PLD FRINT: FRINT,CHR® (154)
OR N

P20 GET G#: IF
20

FED IF GE="Y'" THEN RUN

G40 FRINT CHR#E(147) CHRE$ (1

QW ¥ END

LONF TDENCE
FROM

"MEAN FROM "3 XM

"99Y CONF IDENCE
CEOF. FROM "3 XM=

GES Y AND

READY .

T8 s
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(1

"TMIN
"y MAX
" MAX-MINg GHR

) XMa X=X+YRY N

e
o

TON "y XDs CHR

L8

S 4 e 7Y

amd . B7ERXD:

INTERVALSG: "
TO s XM+C

Mls" T "y XM+M

INTERVALSG: "
C2:" TO "5 XM+C

MEs "™ TQ "y XM+M

"ANCTHER GO Y

GFECFN" THEN 9

H4) “RYE FOR N
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Summary
(by chapter)

1. Simple functions

Displaying numbers neatly
Right-justified numbers

INT, the integral part of a number
ABS, the absolute value of a number
Rounding off numbers

Rounding up and down

Rounding off a number to D decimal places
Bank balances

Overdrawn bank balances

SGN, the sign or signum function
Displaying bank balances colourfully

2. Trigonometry

Scale drawings

Estimating heights and distances

Right angled triangles

Trigonometric functions, TAN, SIN and COS
Hypotenuse, opposite side, adjacent side
Radian

PI

Degrees to radians, radians to degrees
Finding lengths of a right angled triangle
Inverse functions

Arc tangent, ATN

Arc sine, ASN

Arc cosine, ACS

Pythagoras’ theorem

Non right-angled triangles

Law of cosines

Law of sines

Finding angles and/or sides of a triangle
Refraction

Angle of incidence, angle of refraction
Snell’s law

Refractive index

Reflection

Critical angle
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3. Earth trigonometry

The Earth

Straight lines on the Earth

Great Circles

Lines of longitude

Greenwich, England

Lines of Latitude

Calculating the distance between two points on the Earth

4. Powers

Squares of numbers

Powers of numbers

Properties of powers

SQR, Square root

Imaginary numbers

Complex numbers

Complex numbers on the Commodore 64
Quadratic equations

Solving quadratic equations

Roots, finding roots

Formula for the roots of a quadratic equation
Discriminant

Solving quadratic equations on the 64
Solving other equations

Polynomial equation

Degree of a polynomial

Roots of polynomials

Newton’s method

Derivative of a polynomial

Finding roots via Newton’s method
EXP, the exponential function

E, EXP(1)

Factorial

Properties of the exponential function
Formula for exponential function
Logarithmic function

LOG, the natural logarithmic function
Properties of the logarithmic function
Finding roots of other functions

5. Sequences

Sequences

Terms of a sequence

Generating sequences

Arithmetic sequence, arithmetic progression
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Summary

Common difference

Generating arithmetic sequences
Which would you prefer?
Geometric sequence, geometric progression
Common ratio

Generating geometric sequences
Interest, compound interest
Daily interest

Double or quit gambling
Fibonacci sequences

Generating Fibonacci sequences

6. Number bases

Decimal system

Digits

Decimal representation

Base

Coefficients of a number N to a base B

Binary number system

Hexa-decimal numbers

Converting numbers from one base to another
Numbers on the Commodore 64

PEEKing numbers on the 64

Binary form of numbers between 0 and I
Displaying binary form of numbers between 0 and 1
Floating points

Binary exponent

Binary mantissa

1*(1 + 21-24) = 1 + 21-25 according to the 64

7. Days and weeks

Days of the week

Zeller’s congruence

Finding the day of the week for any given date
Displaying a monthly calendar for any month, any year
Date management

Pseudo-Julian date

Listing dates a specified number of days apart

8. Greatest common divisor

Common divisor, common factor

Greatest common divisor, highest common factor
Euclidean algorithm
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Calculating the greatest common divisor
Least common multiple
Calculating the least common multiple

9. Primes

Prime number

Composite number

There are infinitely many prime numbers
Sieve of Erastosthenes

Prime testing

Finding factors

Large primes

Mersenne numbers, Mersenne primes
Largest known prime

Probabilistic primality testing
Fermat’s little theorem

Pseudoprime to a base

Most pseudoprimes are genuine primes

10. Odds and ends

Pythagorean triplets

Primitive Pythagorean triplets

Generating primitive Pythagorean triplets

Multi-precision powers

Calculating products of large numbers accurately on the 64
Calculating arbitrary large powers accurately

11. Matrices

Matrices, rectangular arrays of numbers
M by N matrix

Square matrix

Adding matrices

Why add matrices?

Matrix multiplication

Why multiply matrices

Zero matrix

Identity matrix

Inverse of a matrix, reciprocal of a matrix
Calculating the inverse of a matrix
Simultaneous matrices

Solving simultaneous matrices

12. Codes
Cryptography
Ciphers
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Substitution codes

Sample substitution code program
Matrix codes

Using matrices to cipher messages
Sample matrix code program
Public-key codes

Prime numbers and secure codes

13. Random!

Heads and tails

Tossing coins

Random numbers

Simulating coin spinning on the Commodore 64
Of dice and men

Die rolling

Probability

Simulating die rolling

Simulating two dice rolling

Playing cards

Simulating card picking

Shuffling a pack of cards randomly
Non-equally likely events

Bucket with 100 coloured buttons
Simulating button picking from a bucket

14. Meaningful data

Entering numerical data into the Commodore 64
Mean, average

Calculating the mean

Maximum and minimum

Spread, range

Calculating the max, min and spread

Standard deviation

Variance

Calculating the standard deviation

Confidence intervals

Normal distribution

Calculating confidence intervals for a population
Calculating confidence intervals for the mean
Student’s t distribution
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Other titles from Sunshine

SPECTRUM BOOKS

Master your ZX Microdrive
A Pennell £6.95
ISBN 0 946408 19 X

The Working Spectrum
D Lawrence £5.95
ISBN 0 946408 00 9

Spectrum Adventures

A guide to playing and writing adventures

T Bridge & R Carnell £5.95
ISBN 0 944408 07 6

Spectrum Machine Code Applications
D Laine £6.95
ISBN 0 946408 17 3

COMMODORE 64 BOOKS

The Working Commodore 64
D Lawrence £5.95
ISBN 0 946408 02 5

Commodore 64 Machine Code Master
D Lawrence & M England £6.95
ISBN 0 946408 05 X

Commodore 64 Adventures
M Grace £5.95
ISBN 0 946408 11 4

Business Applications for the Commodore 64
J Hall £5.95
ISBN 0 946408 12 2

Graphic Art for the Commodore 64
B Allan £5.95
ISBN 0 946408 15 7

ELECTRON BOOKS

Graphic Art for the Electron
B Allan £5.95
ISBN 0 946408 20 3

Programming for Education on the Electron Computer
J Scriven & P Hall £5.95
ISBN 0 946408 21 1
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Functional Forth for the BBC computer
B Allan
ISBN 0 946408 04 1

Programming for Education on the BBC computer
J Scriven & P Hall

ISBN 0 946408 10 6

Graphic Art on the BBC computer

B Allan

ISBN 0 946408 08 4

DIY Robotics and Sensors for the BBC computer
J Billingsley

ISBN 0 946408 13 0

£5.95

£5.95

£5.95

£6.95

DRAGON BOOKS

The Working Dragon
D Lawrence
ISBN 0 946408 01 7

Dragon 32 Gamesmaster
K & S Brain
[SBN 0 946408 03 3

The Dragon Trainer
A handbook for beginners
B Lloyd

ISBN 0 946408 09 2

Advanced Sound & Graphics for the Dragon
K & S Brain
ISBN 0 946408 06 8
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Sunshine also publishes

POPULAR COMPUTING WEEKLY

The first weekly magazine for home computer users. Each copy contains
Top 10 charts of the best-selling software and books and up-to-the-
minute details of the latest games. Other features in the magazine include
regular hardware and software reviews, programming hints, computer
swap, adventure corner and pages of listings for the Spectrum, Dragon,
BBC, VIC 20 and 64, ZX 81 and other popular micros. Only 35p a week,
a year’s subscription costs £19.95 (£9.98 for six months) in the UK and
£37.40 (£18.70 for six months) overseas.

DRAGON USER

The monthly magazine for all users of Dragon microcomputers. Each
issue contains reviews of software and peripherals, programming advice
for beginners and advanced users, program listings, a technical advisory
service and all the latest news related to the Dragon. A year’s subscrip-
tion (12 issues) costs £8.00 in the UK and £14.00 overseas.

MICRO ADVENTURER

The monthly magazine for everyone interested in Adventure games, war
gaming and simulation/role playing games. Include reviews of all the
latest software, lists of all the software available and programming
advice. A year’s subscription (12 issues) cost £10 in the UK and £16
overseas.

COMMODORE HORIZONS

The monthly magazine for all users of Commodore computers. Each issue
contains reviews of software and peripherals, programming advice for
beginners and advanced users, program listings, a technical advisory
service and all the latest news. A year’s subscription costs £10 in the UK
and £16 overseas.

For further information contact:
Sunshine

12—13 Little Newport Street
London WC2R 3LD

01-437 4343

Printed in England by Commercial Colour Press, London E7.
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Have you ever found that parts of your pro?rams are

difficult to write? You know what you want to do but

gou are not quite sure how to do it. Will COS, ABS, or

hGIN ftc. be any use? What are they and how can they
elp?

This book explains all these mathematical utii*ties. In
fact, all the mathematical functions that you i 'd on
the Commodore 64 are described. Theiruse is
illustrated in short programs that you can lift and use
within your own programs.

The book is packed with information on such diverse

subjects as codes and cryptography, random

numbers, logic, sequences and series, trigonometry,

g'rir'qe' Inumbers, arrays and matrices, probability and
atistics.

Czes Kosniowski is a lecturer at the University of Newcastle
upon Tyne. He has written several books and articles on
mathematics and on computing. He is a regular
contributor to Popular Computing Weekly.

SUNSHINE
ISBN 0946408 14 9 ‘ £5-95
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